NOTES ON 


TRANSMISSION LINES 


BY 


A. K. Scidmore 


Copyright © by A. K. Scidmore, 1979 


T1.O. THE HOMOGENEOUS TRANSMISSION LINE 


The electrical interconnections in digital systems are 
systems of transmission lines rather than just wires. In some 
applications it is possible to view the transmission lines as 
simple conductors. In the main, however, we must either plan the 
interconnection system as transmission lines or keep the trans- 
mission line viewpoint in mind when designing or analyzing such 
interconnections. For the most part the signals passing over the 
interconnecting paths are pulses rather than sine waves. Conser 
quently pulse excitation of transmission lines is the main topic 
of concern in this chapter. 

The general transmission line considered here is a homogeneous 
assemblage of at least two conductors, The geometric and physical 
parameters of the line are assumed to be constant everywhere along 
the iene The line is characterized by a number of parameters: 

a. The capacitance C is the capacitance per unit length 
between the pair of conductors constituting the line. 

b. The inductance L is the inductance per unit length of 
line. The measured value of L may include mutual inductance as 
well as self-inductance. 

c. The resistance R per unit length is the resistance of 
the conductors to the passage of current. 

d. The conductance G is the leakage conductance per unit 
length due to losses in the dielectric separating the two conductors. 

An infinitesimal element of transmission line is shown in 
Fig. Tl. Two fundamental equations describing line behavior can be 


obtained from this elementary circuit element. As Ax > 0 


TL2 
OV 2 ppd, Oe 
Re APS ee ae 
BP ey eno . 
and ax = Gv te (T-2) 
These two equations combine to give the telegrapher's equation. 
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This relation can be integrated in the special cases of sinusoidal 
excitation and in the transient case where Laplace transforms afford 
a solution. 

Of particular interest is the case of the line ‘that is losstegs 
or for practical purposes is treated as having no losses. For the 


lossless line G0 and R#=O and Eq. (T-3) reduces to 
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We can define 

u = 1/VLC = 1/6 (TS5y 
where u is the propagation velocity and 6 is the propagation 
constant or delay per unit length. Then Eq. (T-4) takes the form 
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The general solution to the differential equation of Eq. (T-6) 
is of the form 

wix, ty jot (xe) et ig tctut) (T= 4) 
where f£(x,t) and g(x,t) are arbitrary functions. For the lossless 


line equations (T-1) and (T-2) become 
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Fig. T-l1. Elemental length of transmission line 
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Fig. T-2. Example line defining traveling wave 


TL-s 


ov = -J, dL ; 
Ox ot ae (T-8) 
oi — -C ov 
ox ot (T-9) 
These two equations yield a solution for the current ‘ 
i(x,t) = 2 [£(x-ut) - g(xtut)] (T-10) 
0 
where 
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The constant Ro is defined to be the characteristic resistance of 
the line. In the case of the lossy line the equivalent resistance 


is the characteristic impedance, Zo: 
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The delay and the characteristic impedance of the lossless line are 


related. 
C (T-13) 


Tl.1. TRAVELING WAVES ON THE TRANSMISSION LINE 


The relations (T-7) and (T-10) are 


v(x,t) = £(x-ut) + g(xtut) 


i(x,t) 


S[£(x-ut) - g(xtut) J 
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These relations can be viewed as describing a pair of waves on the 
trfnsmission line traveling with the same speed but in opposite 


directions. For example, 
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describe the (incident) wave traveling with constant velocity, u, 


from left to right in Fig. T-2- Another wave” (reflected) is "de- 


scribed by 
(ees g (xtut) Cl=2o) 
i, = - (1/R,) g (xt+ut) (ir 7:) 


and travels from right to left with velocity u. Note that the 
characteristic resistance describes the ratio of reflected voltage 


and incident current amplitudes as well as the ratio of incident 


voltage and current amplitudes 
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That is, at any point on the line the magnitude of the ratio of 


the amplitude of the voltage of a traveling wave to the current 


amplitude of that wave is always R The sign difference is due 


0° 
to the direction of travel of the two waves. 
T1.2. REFLECTIONS AT TERMINATIONS 

Consider the load end of the line as shown in Fig. T-3. At 
the point of termination there will be some voltage, v, across the 
terminals and some current i through the load. The load current 
and voltage must be 

yo =Oy. Wy, (T=19) 
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However, v = iZ as well and so that 
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Solving for the reflected signal. 
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Here the quantity 
OF (9) (T-24) 
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is called the reflection coefficient since 


Vero uoy e (T=25) 


The viewpoint expressed is that an incident voltage signal arriving 


at the load termination produces a reflected voltage as given by 


r 


Eq. (T-25). The reflected current can also be found 
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Fig. T-3. Load end of the line at +t = £6 
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Fig. T-4. Equivalent circuit of the load end of 
thewbinewate ct =26 
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If the terminating element is a resistor R, = Ror 


and there will be no reflected voltage or current. That is, an 


then p = 0 


incident wave reaching this "matched" termination will stop there. 
An incident wave arriving at a mismatched termination will produce a 
reflected wave. Obviously any terminating or line voltage will be 
the result of a sequence of traveling waves each producing a re- 
flected wave which in turn produces a reflected wave, etc. It can 
be shown that the voltage or current at any point on the line (in- 
cluding terminations) at time t can be found from the superposition 
of all of the voltage or current waves appearing at that point at 
or prior to time t. Each change in line voltage or current is due 
to the passage of an incident and/or reflected signal past that 
point. 

Consider the arrival of a wave at the termination of Fig. T-3? 
At the time of arrival of the incident wave Vo 2 change in 
voltage can occur. 


Vo = YF. + V : (T-27) 
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This relation can be put in a form that suggest an equivalent cir- 


cuit. 
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a0 
v, = v.(l1 + =———|) (T-29) 
0 1 Zp +R 
ay 
v, = 2v. (=~) (T-30) 
0 ak Z,+Ro 


This last form for the output voltage due to the arrival of an 
incident signal is very revealing. It describes the equivalent 


circuit of Fig. T-4. That is, the voltage produced by the incident 
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voltage Vv, can be found by considering the line to be a signal 
voltage source of amplitude 2v; with a source resistance Ro: 
This equivalent circuit is very useful. 
T1L.3. THE INPUT EQUIVALENT CIRCUIT 

At a line input a different condition exists. An input signal 
Source can cause the line voltage to change. This change launches 
a wave into the transmission line from that point. This is an 
initial incident wave and no reflection is said to occur in the 
sense previously used. Let us find the eouivalent circuit of the 
line as seen from the signal source. In addition let the line carry 


an initial current, I and be charged to an initial voltage, 


LO’ 


Vio° At the instant t = 0 when a change’ v_ occurs as indicated 


in Fie 
Av = V - V (T-31) 


The change in input voltage, AV, is forced upon the line and 
causes a change in line current as well. This new wave launched 
on the line will be an incident wave arriving at points to the 
right of the input terminals at a time t >'0. Certainly the Lec 


lation of Eq. (T-18) holds and 
Ai = Av/Ro (T-32) 


Thus the impedance of the equivalent circuit representing the line 
is Zg- To find the rest of the equivalent circuit we can ask 
what the open circuit line voltage would be at t = 07? This 

we can do by adjusting the voltage Vig to that value which will 
produces~ i, =, 0.4. That; is,» V will be adjusted until i = 0 when 
the switch is made at t = 0 . Then the corresponding value of 


: ‘ at 
vo is the open circuit voltage representing the line at t=0. 
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Fig. T-6a., Therenin input eqvivalent.icircuit at t = 0 
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Fig. T-6b. Norton equivalent of line at t = 0 
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At) "e= ey then, 
Ai = “Ih6 (T-33) 
Since Av/Ai = Ror 
Voce 
tt = Ry (T-35) 
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Giving the solution 
Vv, = V te Rage! (T=—36) 


That is, the equivalent circuit representing the line seen by the 
’ 
generator is an impedance Ro to any transient signals produced 
by the source in series with a constant voltage Vio = Th oR 
representing the line initial conditions as indicated in Fig. i=6an 
Alternatively the Norton equivalent circuit could have been * 
found by applying a current Ty such that when the switch is made 
at t= Our the line input voltage becomes v = 0. The Norton 
equivalent input circuit for the line is shown pi SRM OE Reh Mohes oi: 
Let us apply this equivalent circuit to a problem. For example, 


consider the circuit of Fig. T-7 where the transistor has been 


saturated for a long time and at t = 0 becomes cut off. Initially 


y =2.5V and i = -5V/1002 = 50mA. The line may be replaced by 
a resistor Ro in series with a voltage source 
_ ae, —_ J 5 
Vio ~ I 9B = 225 (-0.05) (200) 12.60". 


The equivalent circuit for this example is shown in Fig. T-8a, and 


the resultant «v(+) in Fig. T-8b. 
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Fig. T-7. Example problem 
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Fig. T-8 (a) Equivalent input circuit (b) waveform of 
input signal near t = 0 


Let us continue this example. The jump in input voltage and 


input current constitute the incident waveform 
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The latter value could also be obtained from the equivalent circuit 


Of Bag. Tada: 
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T1.4. TRANSMISSION AND REFLECTION 

This wave travels from left to right towards the load, R 
The incident voltage is described by va f(x-ut) where f is an 
arbitrary function. It is obvious in this example that the 
arbitrary function is a sudden 8.75 V increase in voltage, a step 
function. The velocity of Seonaeetion is given as 1.6ns/ft. 

Since the line is 10 feet long, this incident step function will 
arrive at the load at t = 16 ns. 

The line is lossless and there is no attenuation of the signal. 
Hence an incident 8.75 Vstep of voltage appears at the end of the line 
at t = 16 ns. There are a number of ways to determine what happens 
at the instant that the incident wave arrives at the load. Let us 
examine that instant using the equivalent circuit of Fig. T-4 
derived earlier. The equivalent circuit pertinent to this example 
at t = 16 ns is shown in Fig. T-9. ‘The line is represented by an 


equivalent circuit containing the battery representing the initial 
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Fig. T-9. The right-hand end of the line at the time t = %6 


conditions, V5.0 - Too in series with a generator 2v5, due 
to the incident voltage, and Ror the line characteristic resis- 
tance. 

Since the initial current is into the line from the load, 
the initial current, Tor is a positive 50 mA in contrast to the 
other end of the line where I50 = -50 mA. Consequently, the gen- 
erator representing the initial conditions is of necessity different. 
Solution of this circuit provides the information that the load 
end voltage jumps suddenly from Vi0 Pe Lis) View ee 6V. as the 


incident wave arrives. The jump in load end voltage is Avg = 
Swe) ='5.0° Ve 
The jump in load voltage can be obtained by simpler compu- 


tations. For example, the reflection coefficient is 


€650-200° 28 
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Knowing this and that the incident voltage is 8.75V, we can cal- 
ii 


culate that the voltage eet onent of the reflected wave to be 


Veu= (=0 6) (8275 )ugaeeeO 7 Oo 25. 


The voltage at the termination at t = 16 ns jumps from the 
anitial valuej|of 2.5 volts: to 


ca ie i A ee 
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This second calculation using the reflection coefficient is a 
simpler calculation than the first using the equivalent circuit. 


We will use the equivalent circuit approach for conceptual purposes, 
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for discussion of graphical solution techniques, and wherever either 
the termination or the source impedance changes as in the example 
at t= 0. For the majority of the cases, however, the reflection 


coefficient calculation proves to be far simpler. 


T1.5. THE REFLECTION DIAGRAM 
A formal calculation method has been evolved which systematizes 
the calculations involved in the case of multiple reflections. 
Where the line is not matched at either end numerous reflections 
may have to be calculated before the traveling wave amplitude has 
fallen to the point where it is of no further interest. The reflection 
diagram, or lattice diagram, and variations of it have proved to 
be of great value in formalizing and organizing such calculations. 
The reflection diagram represents distance in the horizontal 
plane (x-axis) and time in the vertical plane. The traveling waves 
are represented by diagonal lines from left to right or vice versa. 


A reflection diagram for the preceding example is. shown, in Fig. T=10: 
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Fig. T-10. Reflection diagram for example problem of Fig. T-7. 
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Note that the voltage at each end of the line prior to t=0 is 
Zod VerP at *tt= o* the input voltage jumps to 11.25 V as was cal- 
culated previously, and a +8.75 V transient increase in line 
voltage is produced. The traveling (incident) wave moves from source 
(left) to the load (right) with a velocity u = 1/5. At time 
t = £6 = 16 ns the incident signal reaches the load and the load 
‘voltage jump to 6 V. as was previously found. Since initial by +2..5. 7 
existed at the load, the incident voltage signal is +8,75 V, and the 
resultant voltage is 6 V, Therefore 

Ga Vio VG i Vy 
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and y= —5.25 V 


This could also have been found from 


Vy a Po bey 
= tri. 6) (8.750) (= DeeoV. 
where 
P5 = (R,-Ry) / (Rtg) 


From this point on the cycle repeats itself. At t= 226 = 32ns 
the -5.25 V. signal (reflected) from the right hand edge arrives at 
the left hand end of the line. There it encounters the 1000 & 
termination provided by the collector load resistance since the 
transistor is cut off and appears as an open circuit. Instead of 
drawing the equivalent circuit with initial condition and solving 
for the new voltage at t = reat, we may solve the transient 
problem alone. A -5.25 V traveling wave going right to left 
reaches the input and produces a reflection hres PAs ae where 


inc 
= 1000-200 _ +2/3. This is indicated on the reflection diagram 


P1 ~ 1000-200 
of Fig. T-10 by the -3.5 V_ signal traveling from left to right. 


The1 6 


Since the arriving signal has a -5.25 V amplitude and the re- 
flected signal a -3.5 V amplitude, the voltage at the left hand 
end of the line shows a -8.75 V. change in amplitude at t = 2 ee 
The traveling wave bounces back and forth between the line 
ends until its amplitude is so small that it is of no interest. The 
waveform of v(t) can easily be drawn from the reflection diagram 
since both amplitude and time information are available. The re- 


sulting waveforms at both ends of the line are shown in Fig .$;Tskig 
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Fig. T-ll. Wave eforms at both ends of the line for the example of 
Bice. je sits 


In this case each transition is a step since the original transient 


was a step and all terminations are resistive. 


T1.5. TERMINATIONS AND THEIR EFFECTS 


Considerable information is present in the waveform of the 
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response of a transmission line to an initial step of voltage. For 
example, if there were no reflections returning to the signal 
source we know that the far end of the.line may be terminated in 
a resistance Ro: We have to hedge a bit since there are non-linear 
terminations which will produce no reflections. If the termination 
is a simple L, R, or C, we can determine the nature of that 
termination from observing the input waveform in response to an 
applied step of voltage. 

Let uS examine a number of the most frequently encountered 
terminations. Assume the line to be terminated at the right hand 
end in a resistance, R, and driven on the left hand end by a step 


of voltage through a resistance R as indicated in Fig. T-12. 


KR 
Fig. T-12. Line termination 
MATCHED TERMINATIONS 
Whenever Ry, = Ror the line is said to be matched at the 
load end. Since R,, = Ror Py = 0 and there are no reflections. 


At a time t = 26 the transient has propogated to the end of the 
line as indicated in Fig. T-1l3a. 

The line may also be matched at the sending end. For example, 
at Rg = Ro and R, # Ror the reflections indicated in Fig. T.13b 


occur. In this case the line is said to be back matched or series 
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Fig. T-13. Matched transmission lines 
(a) matched at load 


(b) back matched (at the source) 


matched. The transient dies out after a complete round trip 
t = 226. The source end of the line sees one reflection while the 


load end does not. 


MISMATCHED TERMINATIONS 


; * > 
Case A: Ro ? Ro R,, Ro 


In this case both reflection coefficients are positive. At 
either end of the line each incident signal and each reflection add 
to the voltage at that end of the line. The resultant reflection 
diagram is shown in Fig. Tl4a and from it the waveform of Fig. T-l5a 
will be found. 

Case B: Ro > Ro Ry, < Ro 

The initial input signal change is positive, but the signal 
reaching the right hand end of the line is alternately positive 
and negative as indicated in Fig. T-14b. The waveform of the in- 
put signal is shown in Fig. T-15b and has an easily recognizable 


ringing shape. 


Thea 21 


Case C; Ro s Bee Reick 

In this case the initial input is positive and so is the 
next change in the line input voltage. There is a ringing effect 
as in the previous case, but the change in voltage at t = 226 
easily distinguishes the two. 

Case D; Ro < Bat Ry, < Ro 

In this case each reflection is of opposite sign to the 
incident signal causing it. The resulting waveform, shown in 
Fig. T-15d, has a considerable overshoot. 

The response in each of the cases discussed above is suf- 
ficiently distinctive to make the step response of a transmission 
line a useful analysis tool. In fact a technique called Time 
Domain Reflectometry (TDR) makes use of a pulse generator with a 
very short rise time and a high speed oscilloscope. TDR measure- 


ments are used to find and analyze faults, imperfections and the 


properties of terminations of transmission lines. 


T1.6. MISMATCHED LINES 

Reflections can arise from the change in transmission line 
impedance that occurs at a junction of two different transmission 
lines, a sharp bend, kink or break in the shield of a line, or at 
a connector between lines or line and circuit board, etc, Any 
transition between one line of characteristic resistance 2 and 


A 


another of characteristic resistance Ze can result in a reflection. 


As a practical matter changes in characteristic resistance of 5 
to 10% can usually be ignored, but beyond that some analysis of 
their effect may be needed. 

Consider the application of Fig. T-16 where a signal ve 


passes through two different transmission lines to arrive at the load, 


R.>Ro & Ry>Ro 
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Fig. T-15. Waveforms for mismatched lines 
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Line B acts as a load on line A. The voltage at that junction could 


also be expressed as 


vay = vowel + Pan) (t= 33) 
ook 
where | Pan = ee (L—39) 
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The reflection coefficient describes the reflection of a 


PAB 
signal passing from line A into line B as diagramed in Fig. T-17b. 
Since the voltage at the junction of the two lines is the sum of 


the incident and reflected waves, the Wave launched into line B is 


(v dp = (v ) (1+o,5) (T-40) 


inc Linea 
This causes a complication not encountered before. There are now 
two waves traveling on the transmission lines and two waves to 
keep track of on the reflection diagram. However, if care is 
exercised this can be accomplished accurately. 

It should be noted that there are two different reflection 
coefficients at the junction of two lines. For signals passing 


from line A into line B we have @s deftinedein Eq. (T-39). 
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For signals passing from line B into line A we have 
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As an example consider that line A is an RG58AU cable 12 feet 


=o52 Oocandied. =. 1.48 ns/tt . bine ~Bahas 


long and has Roa A 
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Fig. T-16. Two transmission lines with different characteristics 
are used to carry the signal 


At the generator end the initial conditionsi/iat t= 0 sane 
established by the source and Cea enon line A. After the 
incident wave has traveled the length of line A (t = £n5y) Lt 
reaches the junction of line A and line B. Each line at that 

time can be represented by its equivalent circuit as indicated in 
Fig. T-17. The initial conditions are assumed to be that I = 0, 


LO 


Vi0 = 0. 
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ays Vine we 
Fig. T17. (a) Equivalent circuit at the juncture of line A 
and line B at t= Lada (b) Incident and reflected 
signals. 


From the equivalent circuit of Fig. T-17a the line voltage 


V5 can be found as 


Died 


From the equivalent input circuit at t = 0 the incident 
wave is found to be 3,42 V. This reaches the line junction at 
17.8 ns and produces’ a” 1.35 V°- reflection and a:11035 + 3.42 = 
2°77 signal “continuing “on well ine -B iit Asitindicated in: Fig. cisk9 
this signal finally arrives at the right hand end of line B at 
t = 56.6 ns and it too causes a reflection as the line voltage 
jumps to +6.45 V. Meanwhile the original signal in line A was 
reflected first from line B, then from the source end, then from 
the junction of the two lines again. Note that there are already 
instances when it is necessary to keep track of 3 or 4 signals 
which are simultaneous in time. However, once a signal magnitude 
becomes small it can be ignored. In this case all signals which 
would not produce more than 0.1 V change in a load or source 
Ree ai? valtade have been dropped. 

There will be times when two (or more) signals arrive simul- 


taneously at line to line junctions as in point P of EL.) oe 
t = 32,54 + 22,55 
and there are two paths by which signals can arrive at this point 
at this time. Consequently, the continuing waves must be arrived 
at as the sum of two components. Here the wave continuing to the 
right is the sum of the reflection ("0.208 v)(p,,) and the 
continuing wave (70.318 v) (1+p,,)- There are often more than 
two lines coming together at one point and in that case there may 


be more than two signals arriving simultaneously at such a point. 


The waveforms resulting from this example are shown in Fig. T-20. 
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Rop = 120°, Sip = 1.225 ns/ft, and is 23 feet donque aie vesc us 
tation is a 10 V step applied at t= 0 through 100 2 and 

R, = 250 -) asicin (Fig. T-16.;)},Let.us,find the anput, and,output 
waveforms. 

In constructing the reflection diagram some care must be 
exercised so that the information generated is meaningful. First 
consider the delays in each line. The multiple signals on such a 
system are of common origin and have a common origin in time. 
Therefore, their physical relationship in the reflection chart 
should be consistent with their temporal relationship since time 
is displayed vertically in the reflection diagram. Consider 
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Fig. T-18 showing a signal originating at the left hand line end 


Fig. T-18. Constructing the reflection diagram. 


which finally reaches the right hand end of the line. The delays 
encountered are ty = RAS y and ty = £n5p: If these delays are 
to be properly displayed along the -y axis, then the distances 


along the +x axis must be proportioned so that 
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Fig. T-14. Reflection diagrams for mismatched lines 
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Fig. T-19. Reflection diagram for example Tl 
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Fig. T-20. Input and output voltages for Example l. 


T1.7. CAPACITIVE AND INDUCTIVE LOADS 

Consider the situation in Fig. T-2la where a transmission 
line has a capacitive load. In practice the capacitor is only part 
of the load, but by studying this case the response of a partly 
capacitive load may be understood better. 

Initially the source does not "see" the load and the input 
signal is that obtained if the source faced a resistance Rp). After 


a delay of t = £6 the step wave signal reaches the load end of the 
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line. Using the equivalent circuit of the line developed pre- 
viously, we find a signal twice the amplitude of the incident 
wave delivered through a resistance Ry as shown in@Fig.1-22. 


This is a simple transient problem producing a signal V5 which 


(a) 


(b) 


Fig. T-21. a. Transmission line with capacitative load 
b. Equivalent circuit at the end of the line 


ab. tee 2s 


is an exponential rising from 0 toa final value V with time 


constant RoC If the source resistance were not equal to Ro 


there would be other signals due to reflections arriving at the 
receiving end. In this case, hoever, the above equivalent circuit 
determines the output voltage, Vo° Since a step wave of ampli- 
tude V is delivered, the exponential may be written as 

-(t-26)/T) | (T-44) 
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Fig. T-22. Step response of a transmission line with a capacitive 
load 
The difference between the incident signal and the load signal must 
be the reflected voltage which proceeds back toward the source end. Ac 
cordingly, this reflection arrives at the source end of the line at 
t = 226 and since the source end is terminated in its charactere 
istic impedance, no reflections are observed. The left hand end 
exponential rise is a reproduction of that occurring at the right 
hand end. Had there been a reflecting termination at the source 
end we would have a more complicated problem on our hands, 

The second example is a transmission line driving an inductor 
at the load end as indicated in Fig. T-23. Assume as before that 
the source end is driven from RA = Ro: As before, the source does 
not "see" the inductor until t = 22%6,and the input signal v, is 


simply a step wave in response to the step wave of the generator. 
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Fig. T-23. Transmission line with an inductive load. (a) circuit 
diagram (b) equivalent circuit at the load at t = 26 


When the incident step wave arrives at the load end,the line ap- 


pears to the inductor as a step wave source of 2v._.. in 
incident 


series with Ry as shown in Fig. T-23b. 
The response of the inductor to this signal is an exponential 


—(t-26) /t 


Vv WUE 26) t (T-45) 


2 


where T L/Ro- 

The signal seen at the load end in response to the incident 
Square wave of amplitude V/2 is shown in Fig. T-24a. The differ- 
ence between the actual response and the incident signal again must 
be the ‘reflection. Accordingly, at.t = 226 ..the input voltage 
jumps by V/2 and then exponentially falls in the same manner as 
Vy as shown in Fig. T-24b. Since LS Slee Ro there are no reflections, 

What should have been learned from these two examples? The 
first point is the essential nature of non-resistive terminations. 
Capacitors appear as short circuits to fast Signals while inductors 
appear as open circuits. The second na ae the presence of such 
elements on a transmission line can produce large reflections. The 


nature and distance down the line of this termination or imperfection 


‘Eip=3h 


canbe determined from an examination of the transmitting end wave- 
forms. Third, the transmission line always appears as a resistance, R 


to any such element. 


Fig. T-24. Step response of a transmission line with a capacitive 
load. (a) input voltage (b) load voltage 


T1.8. SHORT LINES 
If the transmission line is very short, the reflections occur 
rapidly. For the case where the line is lightly loaded on the 
load end of the line and lightly loaded on the sending end, a 
waveform like that of Fig. T-l5a (for R, ° Ro and R, ? Ro) wi LI’ occur 


and the waveform appears to be approximately an exponential. 


Similarily if Rg < Ro and Re es Ro and the line is short the 
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response will be like that of Fig. T-15d and again an exponential 
recovery iS evident. It can be shown that in the case of the 
lightly loaded or the heavily loaded short line that the 
line may be approximated by an inductance or a capacitance. In 
such case the response to the input Signal will be exponential in 
nature. 

For example, consider the line to be driven by a generator 
with a high output resistance and loaded on the other end with a 
CMOS or MECL gate where Ry ae Ro: The line appears to be pre- 
dominantly capacitive as shown in Fig. T-25a so that the response is 
approximately that shown in Fig. T-26a. There appear to be a 
number of different approximations in the literature for this case. 


: mex, : : , 
One approximationis that the time constant is given by 


226 
Papen) ete eae (T-46) 
Inp, 5 


Another approximation is that 


Z 
R 
Bete nt a 
Ce = wae =) (T-47) 
0 Ro 


is Rg = R,- 


Similarily, the shorted line or the line with Rg < Ro and 


R, < By gives a response like that of Fig. T-25(b) with the line 
[2] 


appearing as an excess inductance Loe given by 


2 
Re 
L. = £5R, (1-—5) (T-48) 
R 
0 
ht Rg = R,: 


R. E. Mattick, "Transmission Lines for Digital and Communication 
Networks", McGraw Hill. 


Millman and Taub, "Pulse Digital, and Switching Waveforms, McGraw 
Hill, New York 1965. 
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Fig. 25. (a) Equivalent input circuit for a short line with Rr > Ry 
and Ro 7 0. (b) Equivalent input circuit for a short 
line with R, < Ry and Rg < Ro 

V 


CE eee me uf 


Fig. 26. Input of the short line for the two cases of Fig. T-20¢ 


T1.9. NON-STEP INPUTS 

To aid the analysis of transmission line transients involving 
non-step inputs we may visualize an input signal as being comprised 
of a number of small steps. For example, consider the case shown 
in Fig. T-27(a) where a ramp Signal is applied to a transmission 
line. The ramp, can be viewed as a sequence of equal steps. The 


number of steps can be adjusted to provide the required accuracy. 
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Fig. T-27. Transmission line with ramp input (a) ramp signal 
LD ae ccu LE 


More complicated waveforms can be thought of as summations of simple 
waveforms with the response being aye summation of the responses to 
the individual simple waveforms. This will give the correct analysis 
for linear source and load components. With non-linear source 
and/or load some results may be obtained by careful application 
of these ideas. 

To continue this example consider the case shown in Fig. T-27(b) 
where the ramp signal is applied through Ro to a transmission line 


terminated in a resistance, R As a first case assume that the 


hig 
line.is of such length, that 226 > Sse and examine the input 
Signal, v for the case where Ry, =o, Actually the approximation 


of the ramp as a series of steps is unnecessary if we can visualize 
the delay and reflections of various parts of the signal waveform. 
The start or termination of the waveform are delayed just as a step 
occurring at that time would be. The step reflections are a frac 
tion, D> of the incident step approximations. As a result the 
entire incident signal waveform is reflected by this factor Po: 
Consequently, the step approximations need not be made, they were 


introduced here as an aid to understanding the phenomenon. 


LL Ss 


Trse ALS a 


Fig. T-28. Response of a transmission line to a ramp input signal 


for warzousy terminations. In -this-case 226 > en 

The input signal Vv; is shown for a range of R.- Notice 
Shoat cor Ry, = Ro there are’ no reflections. The final value of 
Vv, ranges £Erom* .0> #f£or Ry, SSO mee COm Ve LOT Ry, =o, The wave- 


shape of V> is identical to that of the applied signal, ey 


while the waveshape of v LSSNot- 


uf 


As a second case assume the line to be short so that 


205 e< eee Now the reflections return in time to be added to or 


subtracted from the applied signal. The waveform of Vi is altered 
during the rise of the signal. It is interesting to note that 
again the signal at the load end (v5) is a replica of the generator 
Signal, while the line input signal (v,) Teanoes 

For non-linear terminations care must be exercised. For 


instance, assume that the load, R,, of the preceding example is 


Tf 
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replaced by a silicon diode from line end to ground. Let the input 
be a 0 to 1 volt ramp. To simplify the example assume the diod:’: 
clamps the output terminal at 0.6 volts. Now, in this example, the 
load termination is initially an open circuit during the first part 
of the input signal rise. However, when the voltage at the R. H. line 
end reaches 0.6 V the termination changes from an open to a short 


circuit. This results in a reflection coefficient 


viet pas 


re " 


Ree Bod his 


Fig. T-29. Response of a transmission line to a ramp input signal 


for the case where 2% <) t= 
rise 


2. =-] causing any signals arriving after V5 reaches 0.6 V to 
be inverted and sent back undiminished in amplitude to the source. 
The resulting input and output waveforms are shown in Fig. T-30. 

If the reflection returns during the rise of the input signal, 
the load is effectively "seen" by the generator. A line is said to 


be of critical length if one round trip (226) is exactly equal to 


the rise time of the incident signal. 


Critical length = 2 [286 (T-49) 


=i... 
c rise 


‘Pio 


This defined length is used as a benchmark to separate long lines 
and short lines. If &% >> &, obviously the line is long and vice 


versa. 


aM trse trise t2K § 


(a) 


(b) 


Fig. T-30. Waveforms for a diode termination example 


T2.0. GRAPHICAL ANALYSIS OF TRANSMISSION LINE TRANSIENTS 
The graphical solution of transmission line transients is 
based on the graphical solution of simultaneous equations. The 


voltage-current characteristics of source, line and load all must 


TiS 


be known - either in analytic or graphical form. The solution is 
first obtained in the I-V plane and from that solution the time 
domain viewpoint is coustructed. Although the characteristics of 
load and source need not be linear, the first example will have 
resistive terminations in order to simplify the graphical construc- 
tion. 

Figure T-31 shows the circuit diagram of a transmission line 


excited by a long pulse. From earlier discussions it is known that 


Ov. 


Fig. T-3l. Example for graphical solution 


the equivalent circuit looking into the line during the initial 
transient is that of Fig. T-6a where the line is represented by a 


resistance Ro in series with a voltage source V0 = Ti oR. In 


this example the initial conditions are such that Vit, = 0 as 
indicated in Fig. T-32. Graphical solution of this circuit can 
be accomplished by plotting on the same I~-V plane the curve 

vy = 4,89 (T3507 
representing the transmission line, and 


V3 5 hi 1,8, (T5113 
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Fig. T-32. Initial input transient 


representing the source. Where these two lines intersect, both 


equations are satisfied and the new value of Vi and i, are 


obtained. This graphical solution is shown in Fig. T-28. The 
source is represented by line 2 while the transmission line is rep- 
resented by line 1. Their intersection at point A provides the 
current and voltage into the line at the instant that the switch 
occurs. Since initially v.= 0. and i,.=.0, . the values ,of. Vy 


Jf 2 


and i, obtained here describe the incident voltage and current 


waves launched on the line. 


DINE. Zou ders eee 


LINE Lf 
SLOPE - 7p. 


Fig. T-33. Initial transient voltage at t= 0 
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This wave travels down the line and eventually reaches the 
load. Recalling earlier discussions, the line at the instant that 
the wave reaches the load can be represented by an equivalent circuit 
having a voltage source 2v, in series with a resistance R as 


inc. 0 


shwon in Fig. T-34. This equivalent circuit is valid for the in- 


stant t = 26. A graphical solution for the line output voltage 


is obtained from the circuit of Fig. T-34. The solution is obtained 


Fig. T-34. Equivalent circuit at load at t = %6 


by plotting 

Vou i,k, (T=52) 
and 

Nigntt 2V5 nc = i5R, (T-5 3) 
as shown in Fig. T-35. Line 4 of Fig. T-35 represents the load 
while line 3 represents the transmission line. Note that the line 3 
intercepts are 2Vinc and 21sec and that line 3 has a slope 
-1/R,- Note also that line 3 passes through point A. The simul- 
taneous solution provided by lines 3 and 4 occurs at point B which 
is the receiving end voltage and current at t = £6, The output 
voltage v5 is the line voltage and is the sum of incident and 


reflected signals. 
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Fig. T-35. Solution at receiving end at t = L6 


The signals at this point have been fairly easy to follow. 
However, the voltage at point B is the sum of two components and 
the next point to be determined will have three components, etc. 
The voltage the becomes the signal incident at the left hand end 
at t = 226. The same construction technique may be used, but 
with the added complication that the voltage at each end is the 
sum of all previous waves arriving at or produced at that point. 
The discussion of the solution becomes more complicated. However, 
since the rationale has been established, let us detail the mech- 
anism for generating additional signals without the elaborate 
justification of each step. The construction procedure is carried 
out in Fig. T-36 and is outlined as follows: 

1) Start at the v-i point representing the initial line conditions. 


Draw a straight line of slope 1/Rp through this point (Line l). 
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2) As the input changes a new v-i line representing the input 


should be drawn (Line 2). The interesection of this curve and 


the one drawn in (a) is point A and gives the initial voltage 


and current into the transmission line. 


ei ea. i LSE LING OP ae 


Os Ne 
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= 
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Fig. T-36. Example graphical solution 


3) Draw a straight line through point A at slope -1/R) (Line 3). 

4) The intersection of the straight line just drawn and the curve 
representing the load (line 4) provides point B and the trans- 
mission line output voltage and current. 

5) Through B draw a straight line (line 5) of slope 1/R,- The 
intersection of straight line 5 and the curve representing the 


source (line 1) provides a point C at the new value of source 


voltage and source current. 
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6) Through C draw a straight line (line 6) of slope “1/Ro- The 
intersection of straight line 6 and the line representing the 
load gives point D at the new value of load voltage and load 
current. 

7) Repeat steps 5 and 6 through successive points until a steady 
solution is obtained (point X). 

Note that points A, C, E, G, etc., give the transmission line 
input voltages at times t = 0, 226, 425, etc. Similarly points 

B, D, F, H, etc., represent load voltages at times T = 2&6, 3h6, 

526, etc. The plots of v, (t) and v. (t) are obtained from these 

values. Figure T-37 shows transmission Line input and output 

voltages for this example. The ultimate convergence of the spiralof 

Fig. T-36 is at the intersection of source and load I-V curves. When all 

transients have died out (at t = ~) the line, being lossless, should 


be a short between load and source. 


: 28S HRS ERS 


Fig. T-37. Input and output voltages 


Next, let Vea change from the steady state value just obtained 
back to zero. The initial state of the transmission line is described 


by the constant voltage and current values Vio and To? These 


* 
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are the line voltage and current at point X, The line appears as 
if it were a voltage source of value Vagir T,9%o in series with 


a resistance R Graphically this is expressed by a straight line 


0° 
of slope 1/Ro through point X. This is shown as line Rl in 
Fig. T-38. The intersection of the curve representing the source 
and line Rl which represents the transmission line is point M and 
provides the signal voltage and current into the line the moment 
after the source change takes place, 

As before, draw a straight line of slope ~1/Ry through point 
M. This straight line intersects the load line at point N_ and 
gives the voltage and current at the receiving end of the transmission 
line at time 2%6 after point M conditions are established. As 


before continue to draw straight lines of slope 1/Ros -1/R inter- 


0 
secting (alternately) load and source curves and points P, Q, R, S, 
T, etc. will result. The final values of voltage and current will 
be at point Y where load and source characteristics intersect 
(ultimately the transmission line is a very low d.c. resistance 
connecting load and source.) As before, the voltage (or current) 
waveform can be established from these values found graphically. 
This example provides the basic mechanism for the graphical 

analysis of transmission line transients. Some additional compli- 
cations may arise. For example, the initial conditions may be such 
that V,, #0 and Tio #0. The initial graphical representation 
of the transmission line will be by a line of slope 1/Ry through 
the point Vio! Tho just as in Fig. T.38.. A very careful, initia 


definition of voltages and currents and their polarities will be 


helpful in obtaining correct solutions. 
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T2.1. NON-LINEAR SOURCE AND LOAD 

Another complication frequently present is that neither load 
now source are linear. This does not alter the graphical analysis 
procedure. As noted mictrally, a piace gor ther ivv characteristics 
of source and load are needed. These characteristics may be linear 
or non-linear. These characteristics can be obtained from whatever 
analytic expression, data points, etc. are available. However, eB 
is wise to very carefully define voltages and currents and their 
polarities in order to avoid errors. The circuit in Figs £32 
provides a non-linear example illustrating the points mentioned. 

In this example a transistor turns on and off driving a load at the 
end of a 100 2 transmission line. Both load and” source “are *‘nons 
linear. 

First, a definition of voltage and current is made as indicated 
in’Frig.™“E-392 “Thas convention decides the positioning of the load 
and sonnet characteristics on the I-V plane. Next, find the charac 
teristics of the load. One can write an ecuation or reason out the 


Characteristics. For example, the equations are: 


1, = in + 1, (T-54) 
i, = -(5-v5) /1k2 (T-55) 
i, = =f iV) (T-56) 


Fig. T-39. Non-linear source and load 
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The equation for i, is related to that of the familiar load 


line. The sign reflects the chosen polarity for positive i and v. 


The diode current iy is specified to be the diode function of the 


7h } eal 
current i, is described by the sum of the two currents i, and 


i, at any value of voltage. This is shown in the I-V plane in 


Fig. T-40. Similarly the source characteristic is the sum of a 


voltage -v In the steady state i and vo ys The load 


diode current plus a transistor current, 


1) = 1a + 1a (T-56) 


However, the transistor current, is the negative of the col- 


ine 
lector current of a CE amplifier. Notice that since the transistor 
has two states (on and off), there are two different source charac- 
teristics. The "off" transistor characteristic is virtually co- 


incident with the axis until the voltage v rises above 5V. The 


is the negative of the diode forward current 


current, ine 


aac 


rp = ~lprope = 7£%179) 


Once the load and source characteristics are available, the 
steady state values of i and v are found from POINntS Sex andy. 
The graphical solution for the transient occurring as the trans- 
istor turns on is indicated in Fig. T-40. Source voltages are 
found from the sequence of points xX, A, C, E, G, etc. while load 


voltages are found from points B, D, F, H, etc. 


Fig. T-40. 
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APPENDIX T-7 
Transmission Lines Characteristics 
wat /R+5 wh R = Q/unit length series resistance 
y BNE G = WAinit length parallel conductance 
Special case R << wL G << wC (or R/L = G/C) 
Zy = Ry = ie the distortionless line 
8 = phase constant in radians/unit length 
6 = is = time delay/unit length = VLC = ZC 
Free space propogation delay = Teche AGeE- 
Characteristics of common lines: 
(A) Coaxial Zo os 60 In 3 
VE 
| Typical: RG58/U 
9 
na d Zo =953552 C.= 28:5pF/£t 
) Ne ft 6 = 2,C = 1.52ns/ft. 
(B) Two wire line in air, not near ground: 
! ‘se! 2D 
4d je | Zy = 120) in= 
) () | 
| Typical: #24 AWG, 1" apart Zo = 5522 
pest Sa} #24 AWG, 1/4" apart Z, = 3852 
(C) Two wire balanced line above ground: 
v | 4 RE: Din 120 in 2D o 
ine tot (s) a- hielo | Ax (p/2h)- 
— . foresdt<<, Deh 
LET PL FeO VR 
Example: #24 AWG, 1/4" apart, 1/4" above ground. 2Z, = 2892 


0 


Wire with ground return: 


60 
aac ee yp A oe 
ee Ve 
Oy- 
h 
Example: 
ee Wey ground: 
Zo = 60 
VE 
Example: 


bs PEE TE we : a 


Balanced line between ground planes: 
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Z, = 2342 
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1652 


a a = 
#24 AWG, 1/4" =D, 
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The Exponential Transmission Line * 


By CHAS. R. BURROWS 
Bell Telephone Laboratories 


The theory of the exponential transmission line is developed. 
It is found to be a high pass, impedance transforming filter. The 
cutoff frequency depends upon the rate of taper. 

The deviation of the exponential line from an ideal impedance 
transformer may be decreased by an order of magnitude by shunt- 
ing the low impedance end with an inductance and inserting a 
capacitance in series with the high impedance end. The magni- 
tudes of these reactances are equal to the impedance level at their 
respective ends of the line at the cutoff frequency. 

For a two-to-one impedance transformer the line is 0.0551 wave- 
lengths long at the cutoff frequency. For a four-to-one impedance 
transformer the line is 0.1102 wave-lengths long at the cutoff 
frequency, etc. 

The results have been verified experimentally. Practical lines 
50 meters and 15 meters long have been constructed which trans- 
form from 600 to 300 ohms over the frequency range from 4 to 30 
mec. with-deviations from the ideal that are small compared with 
the deviations from the ideal of commercial transmission lines, 
either two-wire or concentric. 

When an exponential line is used as a dissipative load of known 
impedance instead of a uniform line it is possible to approach more 
nearly the ideal of constant heat dissipation per unit length. 
This makes it possible to use a shorter line. 


HE exponential line may be defined as an ordinary transmission 
line in which the spacing between the conductors (or conductor 
size) is not constant but varies in such a way that the distributed 
inductance and capacitance vary exponentially with the distance along 
the line. That is, the impedance ratio for two points a fixed distance 
apart is independent of the position of these two points along the line. 
A disturbance is propagated down an exponential transmission line in 
the same manner as it would be down a uniform line with the addi- 
tional effect that the voltage is increased by the square root of the 
change in impedance level and the current is decreased by the reciprocal 
of this quantity. 
The exponential line has the properties of a high pass impedance 
transforming filter. The cutoff frequency depends upon the rate of 
’* Presented before joint meeting of U. R.S. I.,and I. R. E., Washington, D. C., 
April 1938. 
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taper. As the frequency is increased the transfer constant * ap- 
proaches the propagation constant of the equivalent uniform line. At 
sufficiently low frequencies the only effect of the line is to connect the 
input to the load. 

Above cutoff the magnitudes of the characteristic impedances at any 
point are approximately equal to the nominal characteristic imped- 
ance * at that point but their phase angles (in radians) differ by an 
amount which at the higher frequencies is equal to the cutoff frequency 
divided by the frequency in question. The ratio of input impedance 
to the input impedance level * of an exponential line terminated in a 
resistance equal to the impedance level at the output always remains 
within the range from 1 — f,/f to 1/(1 — fi/f) for frequencies, f, greater 
than the cutoff frequency, fi. For a 2 : 1 transformation this means 
that the input impedance remains within + 6 per cent of the desired 
value for all frequencies above that for which the line is a wave-length 
long. For a 4:1 transformation under the same conditions the 
irregularities are twice as great. 

A transforming network having deviations from the ideal of the 
order of + (f:/f)? may be made by connecting an inductance in parallel 
with the low impedance terminal and a capacitance in series with the 
high impedance terminal. The magnitudes of these reactances are such 
that their impedances are equal to the impedance levels of the line at 
their respective ends at the cutoff frequency. Or expressed in another 
way the capacitance is equal to 2/(R — 1) times the electrostatic 
capacitance of the line and the inductance is the same factor times the 
total loop inductance of the line where & is the impedance transforma- 
tion ratio of the line. 

Figure 1 shows the theoretical input impedance-frequency charac- 
teristics for 2 to 1 step-up and step-down exponential lines. Curve 1 
is for the line with a resistance termination. At low frequencies the 
input impedance is equal to the load impedance while at high fre- 
quencies the line approaches an ideal transformer. Curve 2 is the 
input impedance of the line terminated with the appropriate resistance- 
reactance combination. The improvement in the input impedance 
characteristic for frequencies above the cutoff frequency is evident. 
At the lower frequencies the input impedance does not approach the 
terminal reactance but approaches the reactance of the capacitance of 
the line in parallel with the series terminal capacitance for the step-up 
line and the reactance of the inductance of the line in series with the 
shunt terminal inductance for the step-down line. The improvement 
is not as great as apparent from the figures because the phase angle is 


* See appendix for definition of terms. 
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not improved proportionally. This is easily remedied by completing 
the impedance transforming network with the appropriate reactance 
at theinput. The resulting input impedance is shown in curve 3. In 
the “‘pass’’ frequency range the maximum reactive component is of 


RELATIVE FREQUENCY f/f; 
0.2 0.5 1.0 20 5.0 20 50 


° 
a 


i 
IS YB A LON INLINE Is ONE 
HIS FREQUENCY | | || WAVELENGTH 

| T | LONG AT THIS 


FREQUENCY 


TERMINAL IMPEDANCE 


7 


nN —_ 
° rey 
RELATIVE INPUT IMPEDANCE 2j2/Z2 FOR STEP DOWN LINE 


» 
° 


n 
° 


RELATIVE INPUT IMPEDANCE 2; 1/24 FOR STEP UP LINE 


ro) 


0.01 0-05 0.1 0.5 1.0 
RELATIVE FREQUENCY £/fo 


bh 


Fig. 1—Input impedance characteristics of 1 ; 2 exponential lines. Left ordinate 
scale refers to step-up line. Right ordinate scale refers to step-down line. 

Curve 1—Resistance termination. 

Curve 2—With capacity equal to twice the electrostatic capacity of the line in series 
with the same resistance, 2, = Z2(1 — jf./f), for step-up line, or with an in- 
ductance equal to twice the total inductance of the line in shunt with the 
same resistance, 2, = Z,/(1 — jfi/f), for step-down line. 

Curve 3—Termination as for curve 2 with inductance equal to twice the total induc- 
tance of the line in parallel with input to the line, Zi, = 4:/(1 — fi/f), for 
step-up line, or termination as for curve 2 with capacity equal to twice the 
static capacity of line in series with input to the line, Zi2 = Zo(1 — jf:/f). 

Curve 4—Asymptotic value of impedance of capacity of line in parallel with termina- 
tion for case 2 for step-up line, or asymptotic value of impedance of inductance 
in series with termination for case 2 for step-down line. 

Curve 5—Impedance of shunt inductance added at input for case 3 for step-up line, 
or impedance of capacity added in series at input for case 3 for step-down line. 


the same order of magnitude as the deviation of the impedance from 
the ideal. 

Besides its application as an impedance transforming network, the 
exponential line may be used as a “‘resistance”’ load of constant known 
impedance that has a high capability for dissipating power. As such 
it is capable of dissipating more power in the same length of line than 
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the uniform line. If x is the maximum attenuation in nepers that can 
be obtained with a uniform line without overheating, the same length 
of exponential line will have an attenuation of (e* — 1)/2 nepers. 

Exponential lines of the proper length have properties similar to 
half-wave and quarter-wave uniform lines. The input impedance of 
an exponential line an even number of quarter wave-lengths long is 
equal to the load impedance times the impedance transformation ratio 
of the line. When the length of the line differs from an odd multiple 
of a quarter wave-length by an amount that depends upon the fre- 
quency and load impedance, the input impedance is equal to the product 
of the terminal impedance levels divided by the load impedance. 


MATHEMATICAL FORMULATION 


The telegraph equations for the exponential line may be solved by 
the methods employed in the problem of a uniform line. The resulting 
equations for the voltage and current at any point along the line are 
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ees loge 2/20 _ loge yoly _ loge Z/Zo HAs: the rate of taper, 
x a x 

Z, = Vz/y = Zoe is the surge or nominal characteristic impedance of 
the exponential line at the point x which is equal to the 
characteristic impedance of the uniform line that has the 
same distributed constants as this line has at the point x, 

y = Vzy = Vzoyo is the propagation constant of any uniform line that 
has the same distributed constants as this line at any 
point. It is independent of the point along the line to 
which it is referred, and 

r= v7 4+ &/4 = a+ 78 is the transfer constant of the exponential 
line. 


+ y and + I refer to the values of the indicated roots that are in the 
first quadrant. 

If these equations are compared with those for a uniform trans- 
mission line it is found that the propagation constant is T — 8/2 for 
voltage waves traveling in the positive x direction and I + 6/2 for 
voltage waves traveling in the negative x direction. For current 
waves the corresponding propagation constants areT + 6/2 andT — 6/2. 
In the terminology of wave filters, T is the transfer constant and 6 is 
the impedance transformation constant. 6/2 is the voltage transformation 
constant and — 6/2 is the current transformation constant. The real 
and imaginary parts of I, a and £# are the attenuation and phase 
constants respectively. 

An important parameter is 


A ee J 2 ’ 
which for a non-dissipative line is the ratio of the cutoff frequency to 
the frequency, as can be seen if we write the transfer constant as 


T=y7v1 — rp’, 


where the indicated root is in the fourth quadrant. For a non- 
dissipative line v is real and the transfer constant is real or imaginary 
depending on whether 7? is greater than or less than unity. Hence the 
exponential line is a high pass filter whose cutoff frequency, fi, is that 
frequency for which y = +1. The transfer constant is then less than 
that for a uniform line by the factor ¥1 — v? so that both phase velocity 
and wave-length are larger for the exponential line than for the uniform 
line by the reciprocal of this factor. 

If we terminate this line at x = ] with an impedance % = ;/i;, the 
ratio of the reflected to direct voltage wave is found to be 


fas Oe LNA — y+ jy) ert 3) 
A 14 (/Z) ANT — # = jr) 
where the coefficient of the exponential is the voltage reflection coefficient. 
There will be no reflection if 


Zi = Z/(W1 — 2 + jv) = Zr, (4) 


which becomes Zje~?si=™*» above the cutoff frequency for non- 


dissipative lines. This is the magnitude of the forward-looking 
characteristic impedance at x = 1 as can be seen by dividing the first 
term of (1) by the first term of (2). Curve 1 of Fig. 2 gives the charac- 


teristic impedance of a non-dissipative exponential line looking toward 
the high impedance end as a function of frequency. At infinite fre- 
quency the characteristic impedance is a resistance equal to the 
nominal characteristic impedance but as the frequency is decreased the 
phase angle of the characteristic impedance changes so that its locus 
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Fig. 2—Impedance diagram comparing the forward looking characteristic imped- 
ance with various terminal impedances. The numbers give the frequency relative 
to cutoff. Thearrowsare the vectors Z; — Z;* which are a measure of the magnitude 
of the reflection. 

A. Step-up line. 
Curve 1—Forward looking characteristic impedance, 


A Are sin (f1/f) Nipepaehte 
Zt =Z2{-jANA+v-PFAI Ah 


Curve 2—Resistance termination, Z; = Z;; 

Curve 3—Capacity resistance termination, 2; = Z,(1 — jfi/f); 

Curve 4—Capacity, resistance and inductance termination adjusted for no reflection 
at twice the cutoff frequency and at infinite frequency; 

B. Step-down line. 

Curve 5—Forward-looking characteristic impedance, 


Zi+ = Zyeti sins) fits 
Zt =Z[+i(AlNGd -vVi-PF2A)I, f>f: 


Curve 6—Resistance termination Z;= Z;; 

Curve 7—Inductance resistance termination 4, = Z,/(1 — jfi/f); 

Curve 8—Inductance, resistance and capacity termination adjusted for no reflection 
at twice the cutoff frequency and at infinite frequency. 
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is the circular arc. At and below cutoff it is a pure reactance. If the 
load is a resistance equal to the nominal characteristic impedance at 
the terminal as indicated at 2 of Fig. 2, there will be no reflection at 
infinite frequency, but as the frequency is lowered there will be an in- 
creasing impedance mismatch with its accompanying reflected wave. 

This reflection may be materially reduced by inserting a condenser 
in series with the resistance load as shown by curve 3. Further im- 
provement results from more complicated networks. Curve 4 shows 
the effect of adding an inductance in shunt with the resistance load of 
the resistance-capacitance combination. The arrows indicate the 
resulting impedance mismatch which is a measure of the reflected wave. 

The characteristic impedance looking toward the low impedance end 
is the inverse of that looking in the other direction as shown by 
curve 5. Shunting the resistance load with an inductance gives the 
impedance curve 7. Adding a capacitance element gives curve 8. 

Division of (1) by (2) and substitution of the result of (3) gives the 
following ratio for the impedance looking into the line at the point x 
to the impedance level at that point, 


Zz a K(v1 — v — jv) +14+ (CK (v1 — v? + jv) — Leer 
Zz K+jot+ V1 — 7 — [K — Vi — 2S jrvjerr-o ; 


(S) 


where K = Z;,/Z; is the ratio of the load impedance to the impedance 
level at the terminal. Here as before the indicated root is in the 
fourth quadrant. 


NETWORK CHARACTERISTICS 


Three parameters are required to specify the characteristics of an 
exponential line of negligible loss: (1) the cutoff frequency, fi, (2) the 
length of the line which is perhaps best specified as the frequency, 
fo = velocity of light/length of line, for which the line is one wave- 
length long, and (3) the impedance level at some point along the line. 
We will designate the impedance levels at the low and high impedance 
ends of the line by Z; and Zz respectively, and their ratio Z2/Z, by k. 

When the line is terminated in a resistance equal to the impedance 
level at the output (5) reduces to 


eae veo b+ f tan ¢ hoor 
= * = peos &p2it ) 
Zi eh a 1 — j tan ¢ kos oa (6) 
i085 -») 
es eee tai ey 28 (7) 
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for frequencies below and above cutoff respectively. Here 7 = — j2T/ 
is twice the electrical length of the line in radians, sin 2 = 1/», 
sin 2 = v and cos 2£ is ratio of the electrical length of the line to that 
of a uniform line of the same physical length. For the step-down line 
the corresponding ratios are the reciprocal of the above expressions. 
These ratios are plotted in Fig. 1. 

When f — 0, 21 = kZ; = Ze, = Z, and the only effect of the line is 
to connect the load to the input. Above cutoff the magnitude of the 
input impedance oscillates about the nominal characteristic impedance 
and the phase angle oscillates about the value — 2&(~+-— f/f for 
f >> fi) which goes from — 7/2 to 0 as the frequency increases indefi- 


1000 
Hi: 

ia) 15 
2 800 t 
5 600 ; 
Z 
rs} 400 + 
va 
<x 
a 
J 
Ss 
Reco CRITICAL 
“S FREQUENCY 
a 
zZ 

Uo: 0.5 1.0 5 10 


FREQUENCY IN MEGACYCLES 


Fig. 3—Input impedance characteristics. 
Curve 1—150 : 600 ohm line, 100 meters long. 
Curve 2—300 : 600 ohm line, 200 meters long. 

Both lines have the same rate of taper. 


nitely from cutoff. The variation of the input impedance with fre- 
quency is shown for two lines of different length but the same rate of 
taper in Fig. 3. The magnitude of the oscillations depends only on 
the rate of taper and decreases with increase in frequency. The 
impedance varies between (1 + fi/f) and 1/(1 + fi/f). The positions 
of the maxima and minima, however, are determined by the length of 
the line. They occur respectively at those frequencies for which the 
line is approximately 1/8 of a wave-length more than an even or an odd 
number of quarter wave-lengths long. The phase angle is usually 
negative but has a small positive value when the line is approximately 
a half wave-length long. 

The locations of these maxima and minima are the same as would 
result from terminating a uniform line in an impedance whose magni- 
tude is the same as the characteristic impedance but has a small 
reactive component. This suggests adding a compensating reactance 
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to the resistance load. From (3) the best single reactive element is 
found to be a condenser whose impedance is equal to the impedance 
level at the cutoff frequency. This gives a value of K = 1 — jv which 
when substituted in (5) shows that the input impedance is to a first 
approximation a constant times the terminal impedance. To correct 
for the reactive component of the input impedance an inductance 
having an impedance jZ;/y which is equal to the input impedance level 
at cutoff is shunted across the input. The resulting impedance trans- 
forming network consists of an exponential line with a series capaci- 
tance at the high impedance end and a shunt inductance at the low 
impedance end. When terminated in a resistance load at either end 
equal to the impedance level at that end the input impedance, to a 
first approximation, is a resistance equal to the impedance level at the 
input end. In fact the deviations of the input impedance from the 
ideal for transmission in one direction are just the reciprocal of those 
for transmission in the other direction. 

The magnitudes of the series capacitance and shunt Aeration that 
give the improved network may be expressed in terms of the electro- 
static capacitance and loop inductance of the line. Simple calculation 
shows that the required series capacitance is equal to 2/(k — 1) times 
the electrostatic capacitance of the line and the required shunt in- 
_ ductance is equal to the same factor times the total inductance of 
the line. 

There is an interesting relationship between these terminations and 
a simple high-pass filter. The ZC product of the shunt and series arms 
of the filter resonates at f;. If an ideal transformer with transforma- 
tion ratio k is inserted between the shunt inductance and the series 
capacitance, the capacitance becomes C/k and the new LC resonates 
at fivk. This is the same frequency at which the series capacitance 
and shunt inductance that are added to the terminations of the ex- 
ponential line resonate. Furthermore the reactance of the shunt 
inductance is equal to the impedance level at the cutoff frequency and 
the reactance of the series capacitance is equal to the impedance level 
at the cutoff frequency exactly as in the case of the high-pass filter. 

By using the exponential line it is possible to construct a network 
' with properties that no network with lumped circuit elements possesses, 
namely, a high-pass impedance transforming filter. 


CRITICAL LENGTHS 


Besides the characteristics of the exponential line that are sub- 
stantially independent of the length of the line, it has properties that 
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depend on the length of the line that are analogous to those of a uniform 
line a half wave-length or quarter wave-length long. For non- 
dissipative lines above the cutoff frequency (5) becomes 


K cos ( 4 — 2£ ) + jesing 
Z, => _ 2%. (8) 
cos G ao 28) + 5K sin 2 

2 2 
When the line is an integral number of half wave-lengths long (2n = 7) 


this reduces to 
Zi = KZ, a kZo, (9) 


which says that the input impedance is equal to the impedance trans- 
formation ratio times the load impedance. The length of exponential 
line that corresponds to a quarter-wave uniform line differs from an odd 
multiple of a quarter wave-length by an amount such that 


n.— (Qn 3 Dart) Kat 
tan ( D ) Irae tan 2, (10) 
for which (8) becomes 
VAVAY 
Z1 = pie (11) 


Similar expressions exist for the step-down line, but 1/K must be 
substituted for K in (10) for the length corresponding to the quarter- 
wave uniform line. 


WITH DISSIPATION 


An exponential line is an improvement over the uniform “iron wire” — 


line as a resistance load that will dissipate a large amount of power. 
Provided the attenuation is not too large the current and voltage 
distribution will be the same as for a non-dissipative line except for 
the additional power loss so that we may use the equations for an 
exponential line even though the distributed series resistance and 
shunt leakage do not vary exponentially with distance. 
Suppose that the conductor size and resistance that will just dissi- 


pate the desired input power result in an attenuation constant ap for 


a uniform transmission line. To a first approximation the conductors 
can carry the same current irrespective of the impedance level. The 
current wave will be given by the first term of equation (2) which 
becomes 

i= Ae (8/2) a—aeyz 
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except for a phase factor. In order that the current will not increase, 
6 = — 2a. The actual attenuation ‘‘constant,”’ 


R GZ, 1 fr 2oigx 1 oe 
om (a7, tH )(1 tai) ~ ate (1t 5%), a9 
will increase with distance down the line so that the current will 


decrease but not as rapidly as with a uniform line. The total attenua- 
tion in nepers is approximately 


(HA) [Laem (EBS) 00 


At the point where the attenuation of the uniform line is 6 db the 
tapered line has an additional attenuation of 7 db above the uniform 
line or a total attenuation of more than twice. The current has been 
reduced to less than half. Here an improvement may be made by 
increasing the dissipation by either changing the wire size or resistivity 
of the conductor. A greater improvement would result from changing 
the resistivity because then the capacity for heat dissipation would be 
the same. Suppose, however, that one conductor material is to be 
used throughout and the dissipation capacity is proportional to the 
wire surface; then at this point the wire size could be reduced to 1/2, 
doubling the attenuation factor. It is already 4 times that for the 
uniform line, so this increases it to8 times. The resulting total attenua- 
tion is 30 db in a length that would have less than 7 db if the line were 
uniform. If this attenuation were required the length of line could be 
reduced by a factor of about 4.4. Of course the spacing is very close 
at the end of this line, but the line could be shorted at the end. This 
would approximately double the current at the end, but here again the 
current carrying capacity of the line is more than double the current 
traveling down the line. With the line shorted the reflected current 
would be 60 db down, which would not affect the input impedance 
appreciably. For the first 13 db of attenuation the impedance of the 
line would be relatively free from changes due to changes in spacing 
resulting from wind, etc. When the spacing is small enough to be 
affected by wind, vibration, etc., the attenuation will be great enough 
to suppress these small irregularities. 


EXPERIMENT 


In order to verify the foregoing theoretical development, measure- 
ments have been made on several experimental lines. Figure 4 shows 
the results of measurements on two such lines. These lines were 
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constructed of No. 12 tinned copper. At the low impedance end the 
strain was taken by a victron insulator which also served as a line 
spreader and terminal mounting. At the high impedance end the 
strain was taken by 1/4’ manila rope without other insulation. The 
line spacing was adjusted by ‘‘lock stitch”’ tension insulators spaced 
1 meter and 1/2 meter apart on the low and high impedance end re- 
spectively of the 9-meter line. The 3-meter line was supported at the 
1/4, 1/2, 2/3, 3/4 and 7/8th points. 

The impedance was measured by the substitution method. To 
facilitate the substitution of the reactive component of the line it was 
bridged by an antiresonant circuit. Pencil leads calibrated on direct 
current were used as the resistance standards. Type BWIRC 1/2 
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Fig. 4—Input impedance characteristic. Comparison of theoretical curve with 
experimental points for 600 : 300 ohm lines. 


Solid circles—9-meter line. 
Open circles—3-meter line. 


watt resistances were used for terminations. The solid circles of Fig. 4 
represent measurements on the 9-meter line. The agreement with 
theory is as good as is usually found for actual ‘‘uniform lines.”” In 
order to check the theory further toward the lower frequency end— 
beyond the range of the measuring equipment—measurements were 
made on a 3-meter line. These measurements are shown by the open 
circles. The agreement with theory is not so good, but here the lengths 
of the connecting leads are an appreciable fraction of the length of 
the line. 

Preliminary tests on a full size model of exponential line impedance 
transformer showed deviations from the theoretical that might be at- 
tributed to improper termination, irregularities along the line, irregu- 
larities introduced at the change in conductor size or capacitance of the 
spacing insulators. Since it was impossible to determine which of 
these was the predominant cause of the deviations from the ideal, it 
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was decided to introduce each of these factors one ata time. This test 
was made on a 600 : 300 ohm line constructed of No. 6 copper wire with 
lockstitch insulators except at the terminals. The correct termination 
was obtained by tests on a uniform 300 ohm line with the same physical 
structure at the termination. Of necessity the tying of the wire to the 
strain insulators at the end introduced a shunt capacitance which 
augmented the inherent additional capacitance due the ‘‘end effect.” 
This additional capacitance is equal to that of a short length of line. 


Fig. 5—Photographs of terminations of 300 ohm line. 
upper right for curve 1 ) 
lower for curve 2 j of Fig. 6. 
upper left for curve 3 


If the correct amount of inductance is inserted in series with the 
resistance load the combined effect of the additional capacitance and 
inductance becomes the same as the addition of a small length of line 
for all frequencies up to those for which this length of line is an appre- 
ciable fraction of a wave-length. Accordingly asmall amount of induc- 
tance was inserted in series with the resistance as shown in the right 
picture of Fig. 5. The input impedance of the uniform line with this 
termination is given by “‘ Experimental Curve 1”’ at the bottom of Fig. 6. 
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A three-inch'length of No. 18 wire was inserted as shown in the lower 
picture of Fig. 5 and ‘‘Experimental Curve 2”’ resulted. This reduced 
the irregularities in the input impedance to about half, so another three 
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Fig. 6—Lower. Experimental input impedance characteristics of 300 ohm line 
with terminations shown in Fig. 5. Upper. Input impedance characteristics of 
50-meter 600 : 300 ohm line of No. 6 conductors. 
inches were inserted, resulting in ‘‘Experimental Curve 3.” Here the 
maxima and minima are displaced, indicating that the effect of the 
stray capacitance has been reduced to the same order of magnitude as 
that due to the deviation of the resistance from the desired value. This 
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termination was accordingly removed to the exponential line, resulting 
in the ‘‘Experimental Curve”’ at the top of Fig. 6. It agrees within 
experimental error with the ‘‘Theoretical Curve.” The slight vertical 
displacement of the experimental curve at the higher frequencies is 
attributed to deviations in the impedance of the pencil lead, which was 


Fig. 7—Photograph of one of the changes in conductor size. 


used as a resistance standard, from a pure resistance equal to its direct 
current value. 

To increase the power carrying capacity of the exponential line, one 
was built with larger wire size at the lower impedance end. This 
increased the breakdown voltage by increasing the spacing and con- 
ductor diameter and at the same time increased the current carrying 
capacity by decreasing the resistance and increasing the heat dissipat- 
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ing capacity of the conductors. This was a 600 : 300 ohm line con- 
structed of 20 meters No. 6 wire, 10 meters 1/4’ tubing and 20 meters 
3/8” tubing. Here again the correct termination was determined by 
measurements on a 300 ohm uniform line of 3/8’ tubing. The total 
length of terminating loop that gave the best termination was 6144” 
in this case compared with 1014” for the 300 ohm line of No. 6 wire. 
Since no attempt was made to reduce the variations in input impedance 
to less than + 1 per cent these lengths may be as much as an inch off. 

These measurements indicated that the exponential line would per- 
form satisfactorily as an impedance transformer if it could be con- 
structed to have the desired mechanical features without impairing its 
electrical properties. The greatest difficulty appeared to reside in the 
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Fig. 8—Input impedance characteristics of 50-meter 600 : 300 ohm 
line of 3/8’’, 1/4’ and No. 6 conductors. 


insulators. Special isolantite insulators were designed that would be 
satisfactory commercially and still keep the additional capacity to a 
reasonable value. Figure 7 shows the construction of the line at the 
supporting poles where the conductor size changes. 

The results of measurements on this line are shown in Fig. 8. The 
solid curve was calculated from the equations developed earlier. The 
two broken curves are the results of measurements on the line, one 
without insulators and one with insulators. While the insulators affect 
the line somewhat they do not increase the deviation from the ideal 
appreciably. [The improvement in the agreement between experiment 
and theory in this set of curves over that in Fig. 4 is presumably due 
to the fact that the comparison resistance for Fig. 8 consisted of 3-IRC 
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resistances instead of the pencillead. With the fixed IRC resistance it 
was, of course, impossible to adjust the standard to exactly the same 
value as the unknown. In this case the small difference was determined 
by using the slope of the rectifier voltmeter calibration. ] This line has 
a maximum deviation from the desired input impedance of + 6 percent 
for all frequencies above 4.2 mc. (Measurements were made up to 28 
mc.) The phase angle of the input impedance was found to be zero 
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Fig. 9—Input impedance characteristics of 15-meter 600 : 300 ohm 
line of No. 6 conductors 


within the accuracy of measurement. From theory the phase angle 
would be expected to vary between — 0° and + 3°. 

The curves of Fig. 9 refer to a 600 : 300 ohm line of No. 6 wire 15 
meters long. With resistance termination this line has rather large 
variations in the input impedance but with the addition of the proper 
reactances the input impedance is flatter than the longer line with 
resistance termination. At the lower frequencies where the variations 
in the input impedance were large without the reactive networks, their 
addition gives approximately the expected improvement. At the 
higher frequencies the inductance was approximately anti-resonated 
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by its distributed capacity and the input impedance approaches that 
for the resistance termination. 


CONCLUSION 


Theory indicates that the exponential line may be used as an imped- 
ance transformer over a wide frequency range. The results of experi- 
ment show that the desired characteristic can be realized in practice. 
Among the applications of the exponential line may be mentioned its 
use in transforming the impedance level back to its original value after 
the paralleling of two transmission lines feeding two antennas. It 
could be used to transform the input impedance of a rhombic antenna 
down to the usual 600-ohm level of open wire transmission lines. If 
twin coaxial lines are used inside the transmitter building to eliminate 
undesired feedback, coupling, etc., the exponential line could be used to 
transform from the highest practical impedance level of such lines to a 
practical level of the more economical open wire lines for use outside 
the building. 


APPENDIX 


The exponential line is a non-uniform line so that the terms ‘‘charac- 
teristic impedance”’ and ‘‘surge impedance”’ of an exponential line are 
not synonymous. The terms “surge impedance’! and ‘‘nominal 
characteristic impedance”’ ? may be used synonymously for the charac- 
teristic impedance of the uniform line that has the same distributed 
constants as the non-uniform line at the point in question. Expressed 
as functions of the distributed ‘‘constants” of the line they are the 
square root of the ratio of the distributed series impedance to the 
distributed shunt admittance at the point along the line in question. 
It will be expedient to refer to the nominal characteristic impedance 
as the impedance level at the point in question. Schelkunoff* has 
defined the characteristic impedances as the ratio of voltage to current 
at the point in question for each of the two traveling waves of which 

1 The term ‘‘surge impedance”’ is defined by A. E. Kennelly on page 73 of “‘The 
Applications of Hyperbolic Functions to Electrical Engineering Problems’ (McGraw- 
Hill 1916) as follows: ‘‘The surge impedance of the line is not only the natural imped- 
ance which it offers everywhere to surges of the frequency considered, but it is also the 
initial impedance of the line at the sending end.’’ Hence the “surge impedance” 
should be independent of the configuration of the line except at the point in question 
and in particular it should be equal to that for a uniform line constructed so as to have 
the same dimensions everywhere as the non-uniform line has at the point in question. 

2 The word nominal as used here has the same meaning as in ‘‘nominal iterative 
impedance” as used by K. S. Johnson in ‘transmission circuits for telephone com- 
munication”’ (Van Nostrand 1925). 

8S. A. Schelkunoff, ‘The Impedance Concept and its Application to Problems of 


Reflection, Refraction, Shielding and Power Absorption,” Bell System Technical 
Journal, 17, 17-48, January, 1938. 
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the steady state condition is composed. At each point an exponential 
line has two characteristic impedances which are different and depend 
upon the frequency as well as the position along the line. 

Because of the change of impedance level, the propagation constants 
for the voltage and current differ, so that it is convenient to consider 
the transfer constant 4 which may be defined as half the sum of the 
voltage and current propagation constants. 


‘Compare with the definition of “image transfer constant’ as given by K., S. 
Johnson in ‘“‘ Transmission. Circuits for Telephone Communication,” 
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\ Transmission Line Theory. (General 


1, Introductory 


The transmission lines treated in these notes consists of two conductors, 
usually copper or aluminum, arranged in various configurations some of which are 
illustrated symbolically by Fig.i1. The purpose of a transmission line is to guide 
electrical energy in some form, such as 60 cycle energy for home and commercial 
purposes or modulated energy in the form of telephone conversation and others, from 
one location to another. The conductors of the transmission line do not transmit 
the energy but serve only as guides for the energy which is transmitted in the 
electromagnetic field surrounding the conductors. This is the only concept that 
satisfies the Maxwell field equations and agrees with other systems of energy trans- 
mission such as hollow wave guides where only one conductor exists and radio 
transmission where: there are no conductors, 

The mathematical treatment and physical behavior of a transmission line 
depends upon whether the line is electrically short or long. Actual physical 
length and electrical length are two different quantities when deciding whether a 
line 4s short or long. A transmission line is 100 meters long physically. At 60 
cycles persecond it is very short electrically. At 10° cycles per second it is 
very long electrically. Electrical length is expressed in terms of wavelength for 
a Rte cian operating frequency. ‘'Vave length is the distance for which a voltage, 
or current, undergoes a 360° phase shift from one end of the line to the other. 
Bae wave length at 60 cps is 3100 miles. Whereas it is only 3 meters at 108 cps. 

: A transmission line is a linear circuit consisting of resistance R, induc- 
| tance Li capacitance C and leakage conductance G uniformly distributed throughout 
\the length of the line. The resistance and inductance are in series with the line 
éonductors and the capacitance and leakage conductance are in shunt as illustrated 
in Fig. 2. ‘Because of the distributed nature of these parameters the current and 
voltage on a line undergo continual changes in magnitude and phase along the line 
dn relation to the current and voltage at some reference point such as the sending 
end or the receiving end. 

~ A very short, electrically, length of transmission line may be represented 
as a T or nm network as shown in Fig. 3. For example 50 miles of 60 cycle power 
line is only .0155 wave lengths long and may therefore be represented as a single 
T or m network, For a power line only a few miles long it is generally sufficient 


a. Open wire line b. Coaxial line 
c. Shielded pair line. d. Cable type line. Sheath may be 
Outside shield usually | metallic. Some cables contain 
copper and grounded. several pairs of conductors. 
Fig. 1. Several Types of Transmission Lines 
tq OR Au 


@eeeeno r= = 


OPE = 


Fig. 2. A very short piece of transmission line between the 

source eg and the load Zr showing how R, L, C and G are 

disposed to form a circuit of uniformly distributed parameters. ~«» 
- Re/z_ bale Rafe bet 


oe Cif 


Fig. 3. A very short transmission line represented by a T or Tw 
network. The parameters R,, L,, C, and G, are for the entire 


length of line. re 
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to replace the line by its overall resistance and inductance and neglect its capaci— 
tance and leakage cmductance. 

When a line becomes of the order of .05 wave lengths or longer and there is 
only one frequency of interest the line may be represented by a single T ort 
network whose parameters are determined from the open and short circuit impedances 
of the line. However, open and short circuit impedances must be determined either 
from measurements or from mathematical theory which takes into consideration the 
uniform distribution of the line parameters. Thus for a line that cannot be 
represented by a T or nm network without the use of the open and short circuit 
impedance it becomes simpler to treat the line as a uniformly distributed parameter 
circuit and derive and solve the differential equation which apply. 


2. Derivation of the Differential Equations for the Transmission Line. 
In order to arrive at/fair of equations which express the relations for 


‘voltage and current at any point on a transmission line it is necessary to first 
derive the fundamental differential equations for the line. These equations are 
then solved for voltage and current in terms of the line parameters, the distance 
to a point in question and the terminal conditions. 

The differential equations are developed by applying the e.m.f. and current 
laws to an infintesimal portion of the line. Fig. 4 represents an infinitesimal 
portion of a transmission line. Since the current in one conductor is equal to, 
but opposite in direction, at any instant of time to the current in the other 
conductor, all line resistance and inductance of the infinitesimal portion of line 


is placed in the upper branch as shown. 
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Fig. 4 An infinitesimal length of transmission line. 
The parameters R, L, C and G are for a unit 
length of line. 
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Referring to Fig. 4 the difference in potential between the line conductors 
at point P, is equal to the potential difference e at P, plus Ae where Ae is the 
iacremental change in potential difference in going from Py to Po because of the 
cirrent i in RAs and LAs. In equatinn form this becomes 


e- (Ri “ee =) As = e +Ac 
Wich gives, as As’? 0 


GQ 


so=- (Ri + 7 SS (1) 

h the infinitesimal portion of line from P, to P, the current 4 and potential e 

ce changing with respect to both tlire and distance, thus the partial derivatives. 
In a similar manner as the above the current to the right of Po differs 

som the current between Pi and Po by 4i where Ai is the incremental change in “ 

irrent due to the shunt paths GAs and CAs. In equation form 


im ai-bi - (Ge +c 82) as 
hich gives, as As >0 $07 


OL en de , 
Bw (Ge + ¢ == (2) 


Equations 1 and 2 are the fundamental differential equations for a trans- 
mission line. The equations give the Space rate-of-change of e and i respectively, 


and at each point on the line e and i are Changing with respect to time. This 
indicates that e and 4 are propagated along the line in a wave pattern. This will 
become clearer when the differential equations are solved and physical interpretation: 
are given for the resulting solutions. 

Solutions of equations 1 and 2 are best carried out by first obtaining two 
équations, each of which is expressed in terms of a single dependent variable, i.e. 
one equation containing only e and the other containing only i. This carried outAs 
follows. 


Differentiation of 1 with respect to s gives 


2 : 
- oe, Sau 
2 o,-(Rase Alege) (3) 


=e 


Differentiation of 2 with respect to t gives. “~~ ~~. 
2 2 | 
O dee Oe. ove * 
Stas 70 SP +053) (4) 
AY 
Now substitute ~ from equation 2 and ao from equation 4 into equations 3 and 
get 
2 2 
ee _ de de 
se = RGe + (RC +LG) sr + LC sys (5) 
In like manner — 
2 2 
oSiee one ad ans 
Toei RGi + (RC + LG) = + LC me (6) 


These are the second order differential equations that govern the behavior 
of e and 1 for the transmission line. 

Except for the special case which is the steady state solution when e am i 
are sinusoidal functions of time the solutions of equations 5 and 6 are quite com 
plicated both mathematically and physically. Hence in order to acquire some physical 
insight into the nature of e am i before proceeding with steady state sinusoidal 
solutions equation 5 and 6 will be modified to represent the loss-less line 
condition, i, e, R=G=0. In this sense they become 


2 2 
oe oe 
Ose LC 3¢2 (7), 
2 2 
o“4 Ok 
ase ~ UC 2 = 


Ze Travelling Waves, 


Equations 7 and 8 are generally known as the wave equations for lossless 
transmission lines. Just why these equations portray wave motion may be seen by 
examining in some detail their steady state solutions when e and i are sinusoidal 
functions of time. An assumed solution for equation 7 is 


@ = @, cos (wt - 5s) + @, cos (wt + Ss) (9) 


That this is a solution may be shown as follows: 


22 = + pe sin (wt - Bs) -8e, sin (wt + Bs) 


ot 
ane 2 , 2 
ey, =-f e, cos (wt - 3s) - 8 e, Cos (wt + Ss) 
és 
= 5% [ -€, cos (wt - 3s) = €, cos (wt + Bs)] 
Likewise . 
ae = wre cos (wt - 8s) tne cos (wt + Ss) 
ae ee AaL ae 2 a 


= w°[-e, cos (wt - fs) = G5 cos (wt + Bs)] 


Then if 8 = w /LC equation 9 becomes a solution of equation 7. Now by 
graphing the first term of equation 9 in Fig. 5 for several instants of time it is 
seen that this term represents a wave moving in the positive direction of s. Ina 
similar manner the second term of equation 9 represents a wave moving in the negative 


s direction. For one complete period, i.e. 1/frequeney, the wave moves a distance 


calléd one wave length A. Thus 


2m 


oe wetens: 52 a0 
8, = A= 5 OR 5 = x (10) 
Now s = velocity of wave multiplied by time or 
s, = \ = vel.xt = vel/f = ei 
ny ‘ B 
Hence vel = one rae L) 
ang «B= ant fC (12) 


Consequently velocity = Ties Vp and is called the phase velocity of the 
wave, For a transmission line with air or vacuum dielectric it may be shown that 
if the self inductance due to magnetic flux Linkages inside the-conductors is 
neglected 1/,[ iC = ¢ the velocity of light in free space. For any lossless line 
v, * c/ fe, where ¢. is the dielectric constant of the medium around the line > ~ 
conductors. 
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Fig. 5. Wave moves to right 1A in 1 cycle of time 
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Assume now a line so terminated that only the first term of equation 9 exists. 
This is possible as will be seen later. Suppose two oscilloscopes were connected 
across the line s meters apart. Both oscilloscopes would show sinuisoidal voltage - 
time waves. However, the voltage-time wave shown on the oscilloscope farthest 
from the source end would be fs degrees lagging the voltage-time wave shown by the 
other oscilloscope. Suppose the oscilloscope nearest the source were connected 
to the line at the instant the voltage was e, volts and then moved along the line 
at a velocity Vp The oscilloscope would continue to show e, volts. These 
observations help to show that a travelling wave exists on the line. 

When the resistance and leakage conductance are not zero, as is the case 
for a realizable line, the travelling waves suffer attenuation along the line. 


This will be shown later when the equations for the general case are discussed. 


4, Transient considerations. 


Returning now to the basic differential equations namely 


oe _ oi 
5 7 (RA +L 
Oia de 
ae oe oe 


and setting R = G = 0 for the loss less case there results 


de ah 
a get (13) 
aig Be 

3 ~ o St Soe 


A general solution of equation |3for e is 


e= e f(t - §) +e, At + =) (15) 


where v=1/ /LC and is the velocity of propagation as was found for the steady state 
solution when e and i vary sinusoidally with time. It may be shown from funda- 
mental dimension that 1/ /LC is velocity. 

Now examining, in detail the first term ef equation 15 it is seen that 


S s 


oe =e v 
rd 1 a(t = =) ds 
s 
a f(t_- v) ; i 
ES d(t = S)™ Sy 


_, Assume now the corresponding solution fer i. i.e, 


\ 
} eI s°2 = 
; d= f(t - v)- = f(t + v) (17) 
; e f) , 
é 
‘and taking the partial derivative of the first term, i.e. 
e & 
Beales aii e ony) 
ot 6)hCOrRR s 
‘ fe) acu. =) 
_ Then 
s 
o, SD (Fe gM) 
dite = ) oe df(t. 2) (18) 
(19) 


This is true if R 
\ mie: 


The jE is called the characteristic resistance of the loss-less line and jis 
C 


ig 


designated as R ork. pis 
fo) Cc Pg dar. 


t : 
Proceeding in a similar manner for eecerd terms of 6 and i results in 


ie i : e 


C 
e : e 
Tia port (t- 5S) ~ ny (t + 8) (20) 
Te ¥ C M 


Now inasmuch as ey f(t -=) is a\wave travelling in the positive direction of s and 
e, f(t + =) is travelling in the negative s direction it is proper to calh 
@ f(t - =) an incident wave and C5 f(t + =) a reflected wave. 


Hence 
e=e, +e, where | (21) 
ease r(t - =) and 6, =e, f(t + =) 
Likewise 
i=4, +14, where (22) 
ay =F f(t - 5) and ig- ge ttt + 8 


Suppose now a loss-less line is terminated in a resistance R, , then 


e, = a Ree Hence 


or, cS est Cnt 


(23) 
Ween ee: 
L ° Ry 
The solution of these two equations yields 
ore Seto 
esr, Ry + R eL 
(24) 


tan REO a AS 
typ Ro + Ry iL 


Equations 24 give the maLheee reflection coefficient Ky and current 
reflection coefficient Ky both atpiead resistance Ree In other words 


Ory = Key Par and dep = Bap tap 
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For the case in which Re = Ro» Kor = Key = 0. and there is no refjection 
That is, all of the energy that reaches the load is dissipated in the load. © : 
When the line is shorted at the load RB = 0, Kon = -1 and Key, = +1. When 

the line is open at the load Ry =i y K ou = +1 and Key = -1. 


Fig. 7 


(0) Vpti¢e 
| : ; | 


a 10 volt i 


500 (14 


battery. ae Za wei e 
Re ehms (e) a ania ae 
R= 50 ehms 


Given a loss-less line, characteristic resistance Ro = 50 ohms, 600 meters 
long illustrated by Fig. 6. The velocity of propagation is 300 meters per micro 
second or 3 X 10° meters per second. 

Example i. The source Ss 4s a 10 volt battery, the resistance 228 = 50 ohms 
and Ry = 50 ohms. Figure 7 illustrates the way in which the voltage propagates 
down the line. When the switch s is closed the resistance to the incident wave 
is 50 ohms, this is true regardless of the resistance of the load. Hence the 
line voltage is 5 volts. At the end of 1 second the voltage has propagated 
half way down the line. At the end of 2 wseconds the entire line is raised to a 
5 volt potential. The potential stays at 5 volts as long as the switch remains 
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closed. The current becomes 5/50 = .1 ampere and propagates along with the 


voltage. 


| See page 13 for Fig. 8 


Example 2. Suppose all conditions are same as in example 1 except Ry = 150 ohms. 
For this condition the voltage reflection coefficient Kon = 7oeces = +.5 and the 
current reflection coefficient Key = -.5. Hence the Pott voltage and 
reflected voltage at the load add up to 7.5 volts. Then at the end of 2 seconds 
+2.5 volts propagates toward the source. Since the source resistance R_ = Ry 
there is no further reflections when the 2.5 volts reaches the source and the line 
remains at 7.5 wnlts as long as the switch is closed. The current will reach a 
sea, value of Te .@ 5 amperes, See Fig. 8. 


See page 13 fer Fig. 9 - 


(Eee, Ro = 50 (03 


(a) At end of 1 psec. 


(b) At end ef 2 usec. 


(c). At end of 3 usec. 


7.5 7.5 
(d) At end of 4 usec. 


Fig. 8 ey 10V, R, = 50 ahms, R, = 150 ehms, ¢or example 2 


Keg = O and Kon = +0.5 
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(a) At end of 1 psec. 


At end of 3 psec. 
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(c), At end of 4.5 usec. 
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(d) At end of 6.5 ysec. -l2.5Verc7r cc 
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(e) At end of 8.5 psec. 
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(f) At end of 10.5 usec. 


___ Eh 9-7'6 = 10V, Ry = 0, R, = 150 ohms, for exemple 3 


Ae K. =, =1' and K. = +0,5 
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Example 5. Suppose the conditions are the same as in example 2 except Sb =Q0, In 
this case the voltage reflection coefficient at the source becomes -1.0. The load 
reflection coefficient remains at +0.5. Now events are pictured in Fig. 9. Graph 
(b) shows the first reflection of + .5 x 10 = 5 volts travelling toward the source, 

At the source -5 volts are reflected and travel toward the load, Graph (d) shows 
the second reflection of -2.5 volts travelling toward the source where +2.5 volts 
are reflected. The third reflection results in +1,25 volts travelling toward the 
load. Thus the reflections are dying out and the steady state voltage of the entire 


line becom2s 19 volts. 


Example 4. Suppose the conditions are the same as in example 1 except the 10 volt 
battery (step voltage) is replaced by a 20 volt pulse of 1 usec. duration, fince 

Ry = R, this pulse which will reach the load in 2 pseconds, will be dissipated 
entirely in the load resistor, no reflection, 
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(a) At Source (b) At Load 


Fig. 10 For each reflection the incident and reflected voltages 
add to give the total vol h : soi Ko ite, 
give the total voltage as shown Se EOL 5 
‘for example 5 
Example 5. Suppose the conditions are the same as example 4 except the load 
resistance is 150 ohms and the source resistance is also 150 ohms. The voltage 
reflection coefficients at the load and at the source are: both equal to 0.5. A 
1 psec pulse of 5 volts {= 50 x 20/(150 + 50) 7 travels toward the load and reaches 
the load in 2 pseconds, It is reflected at the load as a +2.5 volt pulse which \ 
travels toward and reaches the source end in another 2 pseconds, It is reflected 


at the source as 1.25 volts travels toward the load and reaches the load in an 


L5. 


additional 2 usec and so on. Figure 10 represents the total 
voltage source and load for the first several microseconds. 
Example 6 lLumped element transmission lines are often used 
in radar equipment to provide high voltage pulses of short 
duration for modulation. Figure 11 shows a lumped constant 
line that is initially charged to 5 KV. Let us determine the 
load voltage when the switch is closed. 


T = nvYLC = 2 usec eed 6" aVLAC.= 650-4) 
Mm Sections © 


50S 


ice ey 


Big smb 

To determine the initial load voltage at t = 0+ we 
consider the line to exhibit at the load terminals a Thevenin 
source of 5 KV in series with a 50 2 resistance. Hence the 
initial load voltage is 2.5 KV. The line voltage has thus 
dropped by 2.5 KV at the load end. This disturbance then propa- 
gates down the line toward the open end discharging line capaci- 
tance by 2.5 KV as it moves. Upon reflection from the open end 
(K=+1) the -2.5 KV step proceeds back toward the load dropping 
the line voltage to zero as it goes. Since the line is t=2 
usec long the resultant load voltage is shown in Fig. 12. 
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Example 7 Suppose the system shown in Fig. 13 has reached a 
steady state condition when at t=0 the switch is opened. 
Let us determine the load voltage e, as a function of time. 


R= loon 


= i = 10 LO} = 30° = ¥ i 
at t=0 , lin 3 + 100 100 a. Hence at t=0 we consider 
4 


0 
the circuit of Fig. 14 wherein a step current of 208 5 is 


100 


Fig. 14 


applied. Since Ses 502 this current divides equally at the 
input resulting in it, =-sho a. After t seconds this current 
reaches the 1002 load where it sees Ky. =75- A reflected 
current step of toa then proceeds toward the generator end 
where it is absorbed t seconds later. The resultant load 


current and voltage are shown in Fig. 15 and 16. 
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5. Lines with other than resistive loads 
Under transient excitation lines terminated in inductance 
or capacitance will have reflection coefficients that vary with 
time. (Note that impedance is a steady state sinusoidal concept 
and has no application here.) For example, to a voltage step, 
an inductor looks initially like an open circuit while as t+~ 
it becomes a short. Hence the voltages and currents on non- 
resistively terminated lines will vary not only due to time 
delays introduced by the line but also due to the finite time 
required to establish a current in an inductor or a voltage 
across a capacitor. 
Consider the circuit of Fig. 17. Let us determine the load 
reflection coefficient, load voltage and input voltage for this 


circuit after the switch is closed. 


Fig. JL7 

To find the reflection coefficient we proceed as in the resis- 
tive case by expressing the load voltage and current as 
constrained by the line equations. At z=0, 


er, = ey + ey 5 


i, = e,/Ry - €,/Ry 6 


La 
Also the load itself dictates that 
di 


hf Se 


L cat 7 


| 
Combining Eqs. 5, 6 and 7 results in the differential equation 


L FS a 


ep ON ee ee 
C1 Ree eR ROE ae 2 
+ 
However, at t = 0 
de 
Lee 
which simplifies Eq. 8, resulting in 
de 
L 2 ~ 
Reid taea2 Gi Clee 10 
0 
with ey constant in time. This equation has the solution 
~Rot/L 
e, aF 4 = ee LL 


It is convenient to measure time from the arrival of the inci- 
dent wave at the load, i.e., the switch is closed at t=-t 
seconds. Hence, at t=07 the load appears as an open circuit 
and at z=0 

Qo = e) 12 
Equation 11 then yields 

ey = 2e, 13 
Substituting Eq. 13 into Eq. ll allows the determination of 


the reflection coefficient at the load as a function of time, 


viz, 


e -tR,/L 
i _2 t—4 0 = 
Pana 2e 1 14 


te 


Lo 


Figure 18 shows Eq. 14 as well as the load and input voltages 
as a function of time. 
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Problems 

1) 
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a) Determine and plot the voltmeter reading v(t) for the 
period t=0 to 10 usec. 


b) What is the final voltage across R,? 


2) [Sosv A 
e 
32V R,= Soe 


(7) ae fe 


ev 


i Loon /p s 


je—_—— 4400 ™m ——— 


a) Determine and plot the input voltage Cry (t) and the input 
current ity (t) for the period t=0 to 10 usec if t=1 usec. 

b) Repeat (a) for the load voltage e, (t) and the load current 
i, (t). 

c) Repeat parts (a) and (b) for tT=6 usec. 

d) Determine and plot the voltage and current at the midpoint 
of the line for 0 $ t $ 10 usec for t=1 usec. 


3) 


32V 


4) 


5) 


6) 


7) 


8) 


9) 


10) 


P=2 


Determine and plot e. (t) for the period 03 tS$10 sec 


7 
for t=1 usec. 


Soe 


Ny = 200/m/p Ss 
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Find the voltage as a function of time across the 502 
resistor in Example 7, Fig. 13. 


Assume in Example 7, Fig. 13 that the switch is open and 
the line initially uncharged. Find and plot v,, (t) for 
ay Papal te 


A common dielectric for insulating coaxial lines is poly- 
ethylene with oe a 2.25. Show that v = 200 m/usec. 


Explain how an oscilloscope, a pulse generator and a 
precision variable resistor can be used to determine the 
characteristic resistance of a lossless line. 


A typical coaxial line is designated as RG-8A/U. For this 
line Ry = 502 and v = 200 m/usec. Find the per meter values 
of L and C. 


Show in Example 6, Fig. 11 that indeed the delay time 
t=nvYLC where L and C are the values of the lumped 
constants. Determine the values of L and C for this example. 
Suppose Fig. 11, Example 6 is modified as shown. | 


A ities Gt Ae ——_— oe ed = me —_ —_—_—=- —_ a, =a 
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The line is again initially charged to 5 KV. Switches S 


1 
and So are closed simultaneously at t=0. Find e, (t)- 
11) Determine e, in Section 5, Fig. 17 if R) = 509, R, = 1002 
and V=30 volts. 
(12) Find and plot the reflection coefficient, load voltage 
and input voltage as a function of time for the line 
shown below. 
4 lootu 
¢ 
Boy IR, SoU C>0.1pF 


ke 7- 2p —___—_| 


Determine and plot Cry (t) at the input of an open circuit 100 
foot length of RG-8A/U coax if R, = 10008. Find the value of 
an equivalent capacitor with which the line could be replaced 
to give essentially the same waveform. Compare the value of 
this capacitor with the total line capacitance. Replot Cry (t) 


ce ow TY 
when RT Ot (Hint: } p™ = =e) Ans: C=2940 pf 
n=0 ' 


Transmission Line Theory. (General 


1, Introductory 


The transmission lines treated in these notes consists of two conductors, 
usually copper or aluminum, arranged in various configurations some of which are 
illustrated symbolically by Fig.1. The purpose of a transmission line is to guide 
electrical energy in some form, such as 60 cycle energy for home and commercial 
purposes or modulated energy in the form of telephone conversation and others, from 
one location to another. The conductors of the transmission line do not transmit 
the energy but serve only as guides for the energy which is transmitted in the 
ateeteonsstré field surrounding the conductors. This is the only concept that 
satisfies the Maxwell field equations and agrees with other systems of energy trans- 
mission such as hollow wave guides where only one conductor exists and radio 
transmission where there are no conductors, 

The mathematical treatment and physical behavior of a transmission line 
depends upon whether the line is electrically short or long. Actual physical 
length and electrical length are two different quantities when deciding whether a 
line 4s short or long. A transmission line is 100 meters long physically. At 60 


8 cycles per second it is 


cycles per’second it is very short electrically. At 1) 
very fonsielectr: cattes Electrical length is expressed in terms of wavelength for 
a sates operating frequency. ‘'Vave length is the distance for which a voltage, 
or current, undergoes a 3609 phase shift from one end of the line to the other. 

One .wave length at 60 cps is 3100 miles. Whereas it is only 3 meters at 108 cps. 

i A transmission line is a linear circuit consisting of resistance R, induc- 
tance L; capacitance C and leakage conductance G uniformly distributed throughout 
\the length of the line. The resistance and inductance are in series with the line 
¢onductors and the capacitance and leakage conductance are in shunt as illustrated 
in Fig. 2. “Because of the distributed nature of these parameters the current and 
voltage on a line undergo continual changes in magnitude and phase along the line 
in relation to the current and voltage at some reference point such as the sending 
end or the receiving end. 

A very short, electrically, length of transmission line may be represented 
as a T or nm network as shown in Fig. 3. For example 50 miles of 60 cycle power 
line is only .0155 wave lengths long and may therefore be represented as a single 
T or m network, For a power line only a few miles long it is generally sufficient 


a. Open wire line b. Coaxial line 


c. Shielded pair line. d. Cable type line. Sheath may be 
Outside shield usually Metallic. Some cables contain 
copper and grounded. several pairs of conductors. 


Fig. 1. Several Types of Transmission Lines 
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Fig. 2. A very short piece of transmission line between the 
source eg and the load Z; showing how R, L, C and G are 
disposed to form a circuit of uniforml distributed parameters. 
Re/2 La 


Gr 


Fig. 3. A very short transmission line represented by a Tor mT 
network. The parameters Rut Lis C, and G, are for the entire 


ength of line. 


to replace the line by its overall resistance and inductance and neglect its capaci- 
tance and leakage an ductance. 

When a line becomes of the order of .05 wave lengths or longer and there is 
only one frequency of interest the line may be represented by a single T orn 


network whose parameters are determined from the open and short circuit impedances 
of the line. However, open and short circuit impedances must be determined either 
from measurements or from mathematical theory which takes into consideration the 


uniform distribution of the line parameters. Thus for a line that cannot be 
represented by a T or nm network without the use of the open and short circuit 
impedance it becomes simpler to treat the line as a uniformly distributed parameter 
circuit and derive and solve the differential equation which apply. 


é.__Derivation of the Differential Equations for the Transmission Line. 
In order to arrive at/fiair of equations which express the relations for 


voltage and current at any point on a transmission line it is necessary to first 
derive the fundamental differential equations for the line. These equations are 
then solved for voltage and current in terms of the line parameters, the distance 
to a point in question and the terminal conditions. 

The differential equations are developed by applying the e.m.f. and current 
laws to an infintesimal portion of the line. Fig. 4 represents an infinitesimal 
portion of a transmission line. Since the current in one conductor is equal to, 
but opposite in direction, at any instant of time to the current in the other 
conductor, all line resistance and inductance of the infinitesimal portion of line 
is placed in the upper branch as shown, 


(vena! Se. 4A - e+ € 
San, GRR pac i he a 
he @ a 4 exe 
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Is 1S+aS 
Fig. 4 An infinitesimal length of transmission line. 
The parameters R, L, C and G are for a unit 
length of line. 
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Referring to Fig. 4 the difference in potential between the line conductors 
at point P, is equal to the potential difference e at P, plus Ae where de is the 
incremental change in potential difference in going from Py to Po because of the 
cwrent i in RAs and LAs. In equation form this becomes 


e- (Ri Hot ~ ) ds = @ +0 
Wich gives, as As’? 0 


Q 


so =- (Ri+1 3 (1) 


h the infinitesimal portion of line from Py to Po the current i and potential e 
te changing with respect to both tlire and distance, thus the partial derivatives. 

In a similar manner as the above the current to the right of Po differs 
som the current between Py and Po by 4i where Ai is the incremental change in 
arrent due to the shunt paths GAs and Cds. In equation form 


pe Wah ae bes (Ge + c $2) As 
hich gives, as As >0 


Olas de 
SY RAO (2) 


Equations 1 and 2 are the fundamental differential equations for a trans- 
mission line, The equations give the space rate-of-change of e and i respectively, 


and at each point on the line e and i are Changing with respect to time. This 
indicates that e and 4 are propagated along the line in a wave pattern. This will 
become clearer when the differential equations are solved and physical ‘interpretation: 
are given for the resulting solutions. 

Solutions of equations 1 and 2 are best carried out by first obtaining two 
équations, each of which is expressed in terms of a single dependent fae oa fey 
one equation containing only e and the other containing only i. This carried outs 
Zollows. 


Differentiation of 1 with respect to s gives . 


aoe Wee. pt —) (3) 
ee ata L 3 


Differentiation of 2 with respect to t gives ak cae a 


- _ Sines 


“- 


2 2 
deb We A eels) o-e 
Stag 7G SE +0 55) ae 
Now substitute = from equation 2 and Se from equation 4 into equations 3 and 
get 
2 2 
ee _ de oe 
Sep = RGe + (RC +LG) SF + LC es (5) 
In like manner 
2 re 
Onl ie OL and 
Sop = RGA + (RC + LG) Sptelt.sa3 (6) 


z 

These are the second order differential equations that govern the behavior 
of e and 1 for the transmission line. 

Except for the special case which is the steady state solution when e and i 
are simisoidal functions of time the solutions of equations 5 and 6 are quite com 
plicated both mathematically and physically. Hence in order to acquire some physical. 
insight into the nature of e and i before proceeding with steady state sinusoidal 
solutions equation 5 and 6 will be modified to represent the loss-less line 
comdition, 1, e, R=G=0. In this sense they become 


2 2 
One = oe 
Ose © es ote (7) 
2 2 
3 
S32 ae = (8) 


3. Travelling Waves, 


Equations 7 and 8 are generally known as the wave equations for loss~less 
transmission lines. Just why these equations portray wave motion may be seen by 
examining in some detail their steady state solutions when e and i are sinusoidal 
functions of time. An assumed solution for equation 7 is 


@ = @, cos (wt - 3s) + @, cos (wt + Os) (9) 


That this is a solution may be shown as follows: 


sin (wt - fs) Se, sin (wt + 3s) 


2 
ae - Be, cos (wt - 3s) - se, cos (wt + Ss) 


= 8 


5@ [ -€, cos (wt - 3s) = @, cos (wt + Bs)] 
Likewise 
cos (wt + 3s) 


ees wee cos (wt - 3s) wre 


1 2 


w*[-e, cos (wt - Bs) = G5 Cos (wt + Bs) ] 


Then if 8 = w /LC equation 9 becomes a solution of equation 7. Now by 
graphing the first term of equation 9 in Fig. 5 for several instants of time it is 
seen that this term represents a wave moving in the positive direction of s. Ina 
similar manner the second term of equation 9 represents a wave moving in the negative 


s direction. For one complete period, i.e. 1/frequeney, the wave moves a distance 


called one wave length A. Thus 


Pani 


ee oe - = 
8, = A= 5 OR 3 = x (10) 
Now s = velocity of wave multiplied by time or 
an 
s, = A = vel.xt = vel/f = = 
Hence vel = ae (11) 
and: Eee asi ott LCr (12) 


Consequently velocity = ee se and is called the phase velocity of the 
wave. For a transmission line with air or vacuum dielectric it may be shown that 
if the self inductance due to magnetic flux linkages inside the~-conductors is 
neglected 1/, [1c = ¢ the velocity of light in free space. For any lossless line 
v= c/, fe, where ¢ is the dielectric constant of the medium around the line ae 
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conductors. 
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Fig. 5. Wave moves to right 1A in 1 cycle of time 
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Assume now a line so terminated that only the first term of equation 9 exists. 
This is possible as will be seen later. Suppose two oscilloscopes were corinected 
across the line s meters apart. Both oscilloscopes would show sinuisoidal voltage - 
time waves. However, the voltage-time wave shown on the oscilloscope farthest 
from the source end would be fs degrees lagging the voltage-time wave shown by the 
other oscilloscope. Suppose the oscilloscope nearest the source were connected 
to the line at the instant the voltage was e, volts and then moved along the line 
at a velocity YO The oscilloscope would continue to show e, volts. These 
observations help to show that a travelling wave exists on the line. 

When the resistance and leakage conductance are not zero, as is the case 
for a realizable line, the travelling waves suffer attenuation along the line. 


This will be shown later when the equations for the general case are discussed. 


4, Transient considerations. 


Returning now to the basic differential equations namely 


= = -(Ri + L “5 
= = -(Ge+C 2 
and setting R = G = 0 for the loss less case there results 
se. (13) 
= 0 32 (14) 


A general solution of equation |3for e is 


e=e, LE - =) + @, f{t + =) (15) 


where v=1/ fic and is the velocity of propagation as was found for the steady state 
solution when e and i vary sinusoidally with time. It may be shown from funda- 
mental dimension that 1/ fic is velocity. 

Now examining, in detail the first term ef equation 15 it is seen that 


s s 
de df(t - v) a(t - ¥) (16) 


3s 4 (t Ss 3 
d te s 

= 

¥f(t_- v) 
ie micas ye Ga? 


Assume now the corresponding solution fer i. i.e, 
e — =} 
1 =p f(t - v)- 5 f(t + v) (17) 
® 


and taking the partial derivative of the first term, i.e. 


s 
OL eeest Gameday (teary) 
Fe AGE d(t - 2) 
v 
_ Then 
Ss § 
Mee (12). hae 
d(t - = ) e d(t - = (18) 


This is true if R, = & (19) 


jt 


The Ue is called the characteristic resistance of the loss-less line and is 
C 


designated as Ry or Ree ponte: 


¢ 


the 
Proceeding in a similar manner for Te ora terms of 6 and i results in 


Re be . A 


C 
Tia piled ia ho RSW er ye (20) 
eal sa das 


Now inasmuch as ey f(t -=) is a.wave travelling in the positive direction of s and 
®5 f(t + =) is travelling in the negative s direction it 4s proper to cali 
Fy c(t”: 2) an incident wave and e5 f(t + o a reflected wave. 
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—— and 


Hence 
Oise tee. where (24) 
a = & f(t - 8) and e, = @, £(t + §) 

Likewise 
i= i, + i. where (22) 
=F f(t°- =)" "and ipo Eel +B 


where Ry = fi/c 


Suppose now a loss-less line is terminated in a resistance R,, then 


e = 4 Re Hence 


(23) 
Mave arnt 
L R Ry 
The solution of these two equations yields 
or Ls Ry z R, =k 
esr, Ro +R eL 
; (24) 
i -R 


Equations 24 give the ghee reflection coefficient Ke and current 
reflection coefficient Ky both aciioad resistance Re In other words 


eo Ki) 2 


6°. 22K ab tab 


rl beluest and 4 


rL 


1. 


For the case in which Re = Ro» Koy = Key = 0. and there is no refjection 
That 4s, all of the energy that reaches the load is dissipated in the load. 


When the line is shorted at the load RS = 0, Kon = -1 and Key = +1. When 
SY ely = So 
the line is open at the load Ry WALT Kou +1 and Ker 1. 


Dede te ape se 
Fig. 3 GOI | —! 
a 10 volt . 
battery. |< G09 4 eae Se ee Te 
R_ = 50 ehms (oJ ale 
Ry = 50 ehms 


Given a loss-less line, characteristic resistance Ro = 50 ohms, 600 meters 
long illustrated by Fig. 6. The velocity of propagation is 300 meters per micro 
second or 3 X 10° meters per second. 

Example 1. The source ee 4s a 10 volt battery, the resistance Be = 50 ohms 
and RQ = 50 ohms. Figure 7 illustrates the way in which the voltage propagates 
down the line. When the switch s is closed the resistance to the incident wave 
4s 50 ohms, this is true regardless of the resistance of the load. Hence the 
line voltage is 5 volts. At the end of 1 second the voltage has propagated 
half way down the line. At the end of 2 useconds the entire line is raised to a 
5 volt potential. The potential stays at 5 volts as long as the switch remains 


12 


closed. The current becomes 5/50 = .1 ampere and propagates along with the 
voltage. 


| See page 13 for Fig. 8 


Example 2. Suppose all conditions are same as in example 1 except Ry = 150 ohms. 
For this condition the voltage reflection coefficient Koy = ere = +.5 and the 
current reflection coefficient Ken = -.5. Hence the incident voltage and 
reflected voltage at the load add up to 7.5 volts. Then at the end of 2 seconds 
+2.5 volts propagates toward the source. Since the source resistance R = Ry 
there is no further reflectinns when the 2.5 volts reaches the source and the line 
remains at 7.5 volts as long as the switch is closed. The current will reach a 


steady value of oa =,.@5 amperes, See Eigemo.s 


See page 13 fer Fig. 9 - 
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(a) At end of 1 usec. 


(b) At end ef 2 usec. 


(c). At end of 3 usec. 


Us Fis 
(d) At end of 4 usec. 


Fig. 8 ae = 10V, Re = 50 ehms, R = 150 ehms, tor example 2 


K = 0 and K. = +0.5 


eg L 
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(a) At end of 1 usec. 


b) At end of 3 usec. 
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Sy a 
(c), At end of 4.5 psec. . 


te reas 
(d) At end of 6.5 ysec. "-l.¢5Ver-- - 


Te] aiqnane oa sani: et BES 


(e) At end of 8.5 ysec. 
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(f) At end of 10.5 usec, 


Fig..9-~6, = 10V, R, = 0, R, = 150 ohms, for exemple 3 


aolertstsomad Kyo = -1 and K., = +0.5 


eg L 
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Example 5. Suppose the conditions are the same as in example 2 except Li =0,. In 
this case the voltage reflection coefficient at the source becomes -1.0. The load 
reflection coefficient remains at +0,5. Now events are pictured in Fig. 9. Graph 
(b) shows the first reflection of + .5 x 10 = 5 volts travelling toward the source, 

At the source -5 volts are reflected and travel toward the load, Graph (d) shows 
the second reflection of -2.5 volts travelling toward the source where +2.5 volts 
are reflected. The third reflection results in +1,25 volts travelling toward the 
load. Thus the reflections are dying out and the steady state voltage of the entire 


line becom2s 19 volts. 


Example 4. Suppose the conditions are the same as in example 1 except the 10 volt 
battery (step voltage) is replaced by a 20 volt pulse of 1 usec. duration, Since 
R, = R, this pulse which will reach the load in 2 pseconds, will be dissipated 


L 
entirely in the load resistor, no reflection. 
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Fig. 10 For each reflection the incident and reflected voltages 

add to give the total voltage as shown. Dee = EL =+,5 

for example 5 
Example 5. Suppose the conditions are the same as example ‘ except the load 
resistance is 150 ohms and the source resistance is also 150 hee The voltage 
reflection coefficients at the load and at the source are both equal to 0.5, A 
1 psec pulse of 5 volts [= 50 x 20/(150 + 50) 7 travels toward the load and reaches 
the load in 2 yseconds, It is reflected at the load as a +2.5 volt pulse which 
travels toward and reaches the source end in another 2 pseconds, It is reflected 


at the source as 1,25 volts travels toward the load and reaches the load in an 


iby. 


additional 2 usec and so on. Figure 10 represents the total 
voltage source and load for the first several microseconds. 
Example 6 Lumped element transmission lines are often used 
in radar equipment to provide high voltage pulses of Short 
duration for modulation. Figure 11 shows a lumped constant 
line that is initially charged to 5 KV. Let us determine the 
load voltage when the switch is closed. 


T = nvLC = 2 usec ee Rtn GG. nL e 
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Fig.l 

To determine the initial load voltage at t = 0+ we 
consider the line to exhibit at the load terminals a Thevenin 
source of 5 KV in series with a 50 2 resistance. Hence the 
initial load voltage is 2.5 KV. The line voltage has thus 
dropped by 2.5 KV at the load end. This disturbance then propa- 
gates down the line toward the open end discharging line capaci- 
tance by 2.5 KV as it moves. Upon reflection from the open end 
(K=+1) the -2.5 KV step proceeds back toward the load dropping 
the line voltage to zero as it goes. Since the line is tT=2 
usec long the resultant load voltage is shown in Fig. 12. 
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Example 7 Suppose the system shown in Fig. 13 has reached a 
steady state condition when at t=0 the switch is opened. 


Let us determine the load voltage e. as a function of time. 


L 


at t=0, iin = = + = = ao a. Hence at t=07 we consider 
the circuit of Fig. 14 wherein a step current of ee ais 
of 
Ain A in : 
A 
“A (e) Sof- Ri= Sore looU 
(00 ° 


Fig. 14 


applied. Since a 502 this current divides equally at the 
input resulting in ity =-soo a. After t seconds this current 
reaches the 1002 load where it sees Ki, =7F° A reflected 
current step of toa then proceeds toward the generator end 
where it is absorbed t seconds later. The resultant load 


current and voltage are shown in Fig. 15 and 16. 
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5. Lines with other than resistive loads 

Under transient excitation lines terminated in inductance 
Or capacitance will have reflection coefficients that vary with 
time. (Note that impedance is a steady state sinusoidal concept 
and has no application here.) For example, to a voltage step, 
an inductor looks initially like an open circuit while as t+ 
it becomes a short. Hence the voltages and currents on non- 
resistively terminated lines will vary not only due to time 
delays introduced by the line but also due to the finite time 
required to establish a current in an inductor or a voltage 
across a capacitor. 

Consider the circuit of Fig. 17. Let us determine the load 
reflection coefficient, load voltage and input voltage for this 


circuit after the switch is closed. 


Fed. ree? 
To find the reflection coefficient we proceed as in the resis- 
tive case by expressing the load voltage and current as 
constrained by the line equations. At z=0, 


er = ey + eo *) 


i, 2 e,/Ro = eo/Ry 6 


18. 


Also the load itself dictates that 
di 
ayy 
er L at 7 


Combining Eqs. 5, 6 and 7 results in the differential equation 


de de 
ee 
tere be = y 
+ 
However, at t = 0 


which simplifies Eq. 8, resulting in 


de 


Le wf | 
Bae emp 82, wud 0 10 
with e, constant in time. This equation has the solution 
~Rot/L 
ey + eo = ee ara 


It is convenient to measure time from the arrival of the inci- 
dent wave at the load, i.e., the switch is closed at t=-rt 
seconds. Hence, at t=07 the load appears as an open circuit 
and at z=0 

Co = ey 12 
Equation 11 then yields 

ey = 2e,) 13 
Substituting Eq. 13 into Eq. 11 allows the determination of 
the reflection coefficient at the load as a function of time, 
viz, 


e ~tRo/L 


= 2e -1 14 


19 3 


Figure 18 shows Eq. 14 as well as the load and input voltages 
as a function of time. 
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Problems 

1) 
4 

(oot J 3xlo M/S 

i x 101m /: 
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a) Determine and plot the voltmeter reading v(t) for the 
period t=0 to 10 usec. 


b) What is the final voltage across R,? 


R= Sot 
CL 


iN es room/ps 


<— 400m ——_] 


a) Determine and plot the input voltage Orn (t) and the input 
current din (t) for the period t=0 to 10 usec if t=1 usec. 

b) Repeat (a) for the load voltage e, (t) and the load current 
i, (t). 

c) Repeat parts (a) and (b) for t=6 usec. 

d) Determine and plot the voltage and current at the midpoint 
of the line for 0 £ t £ 10 usec for t=1 usec. 


3) 


32V 


4) 


5) 


6) 


7) 


8) 


<M 


10) 


P=2 


Determine and plot e. (t) for the period 0S t 410 sec 


ah 
for t=1 usec. 


ISofe 


VE 200/m/p Ss 
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Find the voltage as a function of time across the 502 
resistor in Example 7, Fig. 13. 


Assume in Example 7, Fig. 13 that the switch is open and 
the line initially uncharged. Find and plot vy, (t) for 
= tA E 


A common dielectric for insulating coaxial lines is poly- 
ethylene with Ee 2.25. Show that v = 200 m/usec. 


Explain how an oscilloscope, a pulse generator and a 
precision variable resistor can be used to determine the 
characteristic resistance of a lossless line. 


A typical coaxial line is designated as RG-8A/U. For this 
line Ro = 502 and v = 200 m/usec. Find the per meter values 
of Lyand: G: 


Show in Example 6, Fig. 11 that indeed the delay time 
t=nvLC where L and C are the values of the lumped 
constants. Determine the values of L and C for this example. 
Suppose Fig. 11, Example 6 is modified as shown. 
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im 
P-3 
“The line is again initially charged to 5 KV. Switches Sy 
and S, are closed simultaneously at t=0. Find e, (t). 
11) Determine ein in Section.57m8ig wo17.1f Ro = 502, R, = 1008 
and V=30 volts. 
(12) Find and plot the reflection coefficient, load voltage 
and input voltage as a function of time for the line 
shown below. 
(00 
4+ 
iis R= Soe C=0.1pF 
q 


Determine and plot Cry (t) at the input of an open circuit 100 
foot length of RG-8A/U coax if R._=10002. Find the value of 
an equivalent capacitor with which the line could be replaced 
to give essentially the same waveform. Compare the value of 
this capacitor with the total line capacitance. Replot e 
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when R,=50%. (Hint: Jp” = =) ans: c= 2940 pf 
n=0 


NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
Contract No. NAS 7-100 


TECHNICAL SUPPORT PACKAGE 


on 


DESIGNING HIGH-FREQUENCY INDUCTORS 


for January 1987 


NASAG@TOChH DN eo meoOLe NOM. a Cem a bo7 


from 


JPL INVENTION REPORT. NPO-16553/6059 


Inventor(s): C. W. T. McLyman and 
A. P. Wagner AES 
Neither the United States Government, nor NASA, nor 
Invention Report eny perton ecting on beholf of NASA: 


Prepared by:/.J. T; English 


6. Mokes eny worronty or representation, expres 

er implied, with retpect of the eceuracy, completeness, 

TSP assembled by: eLusateinesist the Inlormation conteined in thi este 

JPL Technology Utilization Office ument, er thet the use of ery Information, epporetus, 

method, er proceu disclosed in this document may not 
lnfringe privately owned rights; er 

pp e ok > 1k Ssaley/ 


b. Assimes ony Ilobilities with respect to the use 
eof, or for damages rewiting from the use of, eny 
information, opporctus, method, or process disclosed 
la this document. , 


JET PROPULSION LABORATORY 
CALIFORNIA INSTITUTE OF TECHNOLOGY 
PASADENA, CALIFORNIA 


FEBRUARY 1987 


Designing High-Frequency 
Inductors 


Procedures for both ferrite- 
core and Molypermalloy- 
core inductors are detailed. 


A report presents design procedures for two types of high- 
frequency inductors: those with iron or ferrite cores and lumped 
airgaps and those with Molypermalloy powder cores and 
distributed airgaps. These components, which carry no direct cur- 
rent, are’ widely used in ferroresonant power regulators,’ pulse- 
width-modulation inverters, and other power-processing equip- 
ment. They are designed more easily than are dc inductors, using 
procedures like those for designing transformers. With no dc- 
generated flux in the core, the design calculations are straightfor- 
ward. Essentially, the high-frequency ac inductor is designed to 
support the applied voltage without saturating the core, then the 
airgap for the proper inductance is calculated. 

The report lays the groundwork for the procedures by discus- 
sing the two major effects of the inductor airgaps; namely, the in- 
creases in the inductance and the power loss due to the fringing 
flux. For design purposes, the airgap length should be minimized 
to minimize the fringing flux. thereby maximizing the efficiency. To 
keep the gap small, the number of turns of wire is kept to a 
minimum. The number of turns is also minimized to operate the 
core at the highest possible magnetic-flux density without 
saturating the core or generating excessive power loss in the core. 

The airgap. power handling, and other considerations are 
represented in the equations for inductor design. The report gives 
the equations and an 11-step procedure for designing an induc- 
tor with a lumper airgap. 

Distributed-airgap inductors reduce the losses caused by fring- 
ing fluxes. The report presents a design procedure for a toroidal 
inductor of this type. This procedure is even simpler than that for 
a lumped-airgap type. 

The report conciudes with a comparison of tne losses among 
three inductors designed to operate at 20 kHz with a 90-V square 
wave and a 1 4-A peak-io-peak trianguiar wave Two ofthe induc- 
tors had lumped-airgap cores. and one nad a disiributed-airgap 
Molypermailoy-Dowder core. The temperature rise in the 
distributed-gao core was less than that of tne other two 

This work was done by Colonel W. T. McLyman and Albert P 
Wagner of Caltech for NASA’s Jet Propulsion Laboratory. 
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DESIGNING HIGH FREQUENCY AC INDUCTORS 
USING FERRITE AND MOLYPERMALLOY POWDER CORES (MPP) 


A. INTRODUCTION 


- _.Ferra-resonant power regulators, PWM inverters and other power 
ee : 


Processing equipment in use taday include high frequency ac inductors 
which carry no de current component. AC inductors may be designed mare 
easily than dc inductors by using 6 design procedure that is quite similar 
ta the design of 4 transformer. With no dc-generated flux in the core the 
design calulations are strsight forward. The ac inductor is designed to 
Support the applied voltage without saturating the core. Then the air gap 


length is calculated for the proper inductance. 


An important consideration in designing 41] high frequency ac inductors is 
ta minirnize the fringing flux. The fringing flux can be minimized with the 


proper selectian of the core, the flux density and the gap length. 
B. APPARENT POWER 


By the authors’ definition the “apparent power” Py of an inductor is the VA 


of the inductor, that is, the product of the excitation voltage and the 


current through the inductar: 


/ 
P= Veme | rme [volt amos] 


Equation (1) 
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- When @ square wave voltage is applied to en inductor with s negligible 


winding resistence the current hes a triangular wave form. The rms value 


of that current is: 


lems = 0.577 | pk [amps] 


Equation (2) 
When @ sine wave voltage is applied the current also has a sine wave form. 


The rms value of that current is: 


I eme| SOn zal pk [amps] 


Equation (3) 
C. INDUCTANCE EQUATION 


The inductance of an iron-care inductor having an air gap may be expressed 


aS: 
0.47 N74 
fee cae [henrys] 
iy We 
me The 


Equation (4) 


Inductance is inversely dependent on the effective length of the magnetic 


path which is the sum of the air gap length (Iq) and the ratio of the core 


mean length ta relative permeability (MPL / U-), 1.e., I SPL 


The relative permeability (y-) is normally very large compared to the 


magnetic path length (MPL) and therefore the second term of the 


+ 
rue 


mG ie Ue 


7 2 


Pitt 


ek ’ a ae , 
, G - « en ae iad 4,1? ; 


a xe J : ih Ve koe \- ae aa 
Toon 6 Abe ToToMbIN ee oO) Dedigns et 'spe) ley Bree 
uiev arn: ea? tet evew Tefugndmt! ¢ eat Ine Ted ode agegiareae 


mm 


er 


. 


a eet 


lens] an \¥e.0= att) 


(f) aotieves 


‘ svow gate 6 Ged Gels Inerweo an! detiqas 21 spsticy evew eat atw ag 


7 tests fertl re aulov envt ant 


, ; ee 
wr ’ { - > * 
(OQRNS: 40 ' se = Sry 


(¥}; nol feup3 a ; 
; a 


7 


 WorTauds 3014 TUM > Te 


a! 
2208 8G LEM 9S0 6 Ne PNIVEd WISUA! emo-Net Ae 10 rang haoa SAT if 


7 , 


ia ° 7 
dae YE 
oe 


CSErteS rt; 


ar 


() noweua 


Ji Jonge ett To dignsl syioatte aes na Ihsbsgsb ylszievnl sta 
\ Le, wa ve tab ies ; oe 
sy sit! to Crlen ert Dae ty! iJporok gag We oft To mms ait st aati 


ee i 


mel ¥ a 


yi \ 19M ota ine Sa 


iC) _ 
7 LAP sh » 7 


i ' ' alta tz 
’ . 5 ih a s hn ie’ 2 oe 


pit OF Veregmes apt wisy giismmon ti fe j 
: . . . cy od i = ov | ; r ye | 


wn 
Ne) 


60 
denominator of equation (4) hecames very small and variations in the 
relative permeability do not substantially effect the total effective 
magnetic path length or the inductence. 


The inductance equatian then reduces to: 


2 t 
» O4 TN A, 10° 


I 


[henrys] 


Equation (5) 
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BD. FRINGING FLUX 


Fins] determination of the gap dimension requires consideration of the 


effect of fringing flux, which is a function of gap length, the shape of the 


pole faces and the shape, size and location of the winding. Its net effect. 


ig to rake the effective air gap shorter than its physical dimension. Fig. 


|. Mustrates the fringing flux occurring in a gapped inductor. 


F 
——— rs] \magnetic Care 


Fig. | Gapped core with fringing flux 


Fringing flux decreases the- total reluctance of the magnetic path and 
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therefore increases the inductance by 4 factor F to 4 value greater than 
that calculated from equation (4). Fringing flux is a larger percentage of 


the total for langer gaps. The fringing flux factor is: 


Equation (6) 


Inductance L camputed in equation (5) does not include the effect af 
fringing flux. The value of inductance L corrected for fringing flux is: 


0.4m No ALF IO 


] 


[henrys|] 
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Equation (7) 
E. TRANSFORMER LOSSES 


The losses in & normal transformer result from two components, copper 
lass (era and iran lass (Pro. Narmelly when these lasses are equal the 


transformer has reached its highest efficiency. This is only true when the 


gap is Zero. 
F. EDDY-CURRENT LOSSES 


Any iron core magnetic companent with a large air gap inherently operates 
with 6 pawer loss sssociated with the air gap. The lass does not occur in 
the air gap itself, but is caused by eddy currents which are due to 


magnetic flux fringing around the gap and re-entering the core and/or the 
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winding in 6 direction of high loss. As the air gap increases, the fringing 
flux increases which in turn causes the eddy loss to increase. The eddy 
current loss can be generated in-either the copper winding ‘especially if 


foil is used) or in the care. 


Narmally high frequency ac inductors are not designed using laminatians or 


tape cores because af their high eddy current loss. Eddy currents 


genersted in the core can be minimized by the use of high resistivity 
ferrite msterial or molypermalloy power cores (MPF). Summerizing--the 
tatal lasses in 6 magnetic cornponent with 6n sir gap are made up of three 


“components: 


(1) Copper less, Poy, 
(2) Iron loss, Pre 


(3) Gap lass, Pa 
G. POWER HANDLING EQUATIONS FOR AC INDUCTORS 


The same equations used far designing power transformers are used for 
designing ac power inductors. There are two methods used in designing 
them.* The first methad uses the ares product approsch. The sres 


product, An. represents the pawer handling ability of the core. The area 


product is the iran crass section, A. times the window 6res, Ws 


4 


Ar = AcWs [cm’] 


Equation (8) 


* References [1] [2] 
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The power handling capability af 6 care is related to its area product by én: 


equation which mey be stated as: 


4 
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Equation (9) 


The second riethad uses the core geometry factor Kg appraach. Like the 
first method the core geametry Kg is alsa a measure of the pewer handling 


ability of the core. The core geornetry is equal to the area product, An 


times the iran crass section A. times the windaw utilization K,, divided by 


the mean length turn MLT. 


is 
Mia ici 


5 
Ko ] 
g MLT 


[cm 
Equation 10) 
The power handling capability af a care is related ta its core geometry by 


the equetian: 
P 


mS ¢ fd -4 
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Equatian (11) 
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cherie we: 
Either design equation will produce a magnetic component. The advantage 
the core geometry method hes over the area product method is the 
expression alpha in the denominator. The expression alpha is the 
regulation or copper loss of the trensformer or inductor in percent. For 
example if alpha is equal to 1 then the transformer will have o 1 percent 
regulation if olpha is equal to 10 then the transformer will have a 10 
percent regulation. Use of the area product equation will result in the 
same design os using the core geometry equation but will require seversl 
iterations. This is because the area product equation uses a fixed current 


density factar, J, which is usuelly approximsted in the first iteration. 


Pe 


H. DESIGNING GAPPED AC INDUCTORS 


It is important when designing an ac inductor that the air gap length be | 


minimized. A minimum sir gap provides meximum efficiency by reducing 
the fringing flux losses to a minimum. To keep the gap at 6 minimum the 


turns ere kept to a minimum. The number of turns is alsa minimized ta 


operate the core at the highest possible’ flux density (B,,) without 


saturating the core or generating excessive core loss. 


A core is used that has @ high ratio between iron area A. and window area 
W - 
A, >? We 


The reason for designing with this A./ W, ratio follows. Two cores A and 


B having the same area product An or power handling capability but 
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different window areas are shown here: 


CORE A CORE B 
We | Wo=2 
Ac =2Z Ac = | 
JValey & Afiee 2 


From equations (12) and (13) it can be shown that for the same inductance 


core A requires half the number of turns and half the eir gap length 


resulting in reduced gap lasses and reduced copper losses. . 
The ac inductor is designed to support the applied voltage using Faradey's 


law: 


4 
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Equation (12) 


After the turns have been establisned the required gap length is 


calculated. 


2 
0.47 N A, 10° 


q = [cm | 
L 


Equation (13) 
After the air gap has been calculated the fringing flux must te calculated 


using equation (&) in order to make corrections necessary to achieve the 


required inductance. The error introduced by the fringing flux can be 
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corrected in two ways. The turns can be reduced or the air gap can be 
increased. Normally the turns’ 6re set by the flux density so the air gap 

has to be increased. After the fringing flux has been calculated the 

original air gap dimension is multiplied by the fringing flux factor as 

shown in equation 14. 


Equation (14) 


With this new sir gap the resulting inductance is calculated using equation 

1S 

04m Noa, 10° 
'g 


[henrys] 


Equation (15) 


Now that the new inductance hes been calculated the fringing flux factor 
(F) for the new air gap is calculated using equation 6. Now the fringing 
flux factor is multiplied by the inductance found in equation 15 as shown 
in equation 16. 

L“ = L'F’ [henrys] 


Equation (16) 
|. DESIGN PROCEDURE FOR GAPPED INDUCTOR - RESUME’ 


No. 1 
Calculate the epperent power (P,) using equation (1) and the appropriate 


current in equation (2) or (3). 
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Calculate the sres product, Ap, using equation (9) and an estimated value 


of J or calculate the core geometry, Ka using equation (11) 


No. 3 


From ferrite core tables select a core having an Ay or 6 Ky just sbove 


the value calculated in step No. 2. 


No. 4 


Now calculate the number of required turns using equation (12). 


* See references for sources of core tables 
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No. 5 


Calculate the allowable current density, J, using equation (18) using the 


value of Ap given in the table for the selected core. If the value of J is 


considerably different from the estimated J used in step 2 then repeat the 


design from step 2 using the new J. 


No. 6 


Calculate the bare wire area, A,.(B), by dividing the current density J inta 


the rms current. 


Noa. 7 


Calculate the required sir gap, Ig using equation 13): 


No. & 


Calculate the fringing flux, F, using equation (6). 


No.9 


Calculate the new gep dimension, Ig. using equation (14). 


Noa. 10 
Calculate the inductance, L', using equation (15) and the new air gsp 


dimension, lg. found in step (9). 


No. 11 
Calculate the final inductance, L”, using equation (16) and the fringing flux 


found in step &. 


In most cases correction of the air gap length using the fringing flux 


iy 7 : 
rine 

cs a 
ow uP i. Pins 


act draw (ONY Aotieupe gnai) <L itera horrid ‘att 


ane “ 
4 . 
: A wy 7 


19 auney’ ea? m. wi09" palaeise et) wl efits), oi wa 


att Jeagay nadh’s yore at beau | L batermi ee ent mart nuveteae 
L wor on) ooiew $ getz mn 


int Ly itaned Joerws 6A) pribivit’y ud Mat eos STiw 7G ar! etelusied 


JTW 201 1 ot) 


Toh 


: - 7 , 
(=|) noloupe gifey a! ap We Se upsy emf SisiusleD —s5 


7 8.0n- 
(2) nofiswns grleu 4 watt onion ttt oi selusied 


Ga 
ih) DOaURS Orton | foranaaib Q62 war ri} -stoliatsg - 


Ot A 


qe0 36 wean and One (21) notleups pnieu vi sane taubal sat ateina'e> 
4) gate A One? | a 
: : aba an " f . Fi: 4 
nie, # ' fe 
wit? gripe yen one (ax) norteupe om, “dase oa ae 


4@¢@ 
“ 
<i - 


calculations just discribed will result in en inductance close to the design 
value. When the measured inductance is cutside the tolerances allowable 
then the air gap must be adjusted to compensate for core tolerances and 
inaccuracies in the fringing flux equation. In general it is not adviseable 
to use an air gap smaller than S mils in length because then any change in 
permeability of the magnetic material will have an influence on the 
inductance see equation (4) and it is too difficult to control the banding 
pressures because of the small gap. This precaution becomes importent 
when 6 production run is to be made of a particular design and the units 
must fall within a talerance bend. It is also important to standardize and 
cantral the bending pressure dacumenting the banding “conditions for 


furture runs. 
J. DESIGNING THE TQRGIDAL AC INDUCTOR WITH A DISTRIBUTED GAP CORE 


A way to reduce the lasses caused by the fringing flux is to use 6 core 


with a distrituted sir gap such as a molypermalloy power core (MPP). 


Designing an AC inductor with 6 distributed air gap is easier than 
designing one with 6 lumped sir gap. The power handling equations (9) end 
(11) are still valid to size the core. After the core size has been 
determined fram these equations o core must be selected from the group 
with the right permeability which is determined by using equation (17). 
Normally there are about 10 different permeabilities to choose from for 4 


given size. The permeabilities range from a low of 14u to 4 high of S50u. 
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For J in equation (17) enter the value used in calculating A, fram equetian 
(9). If the core size was determined using equation (11) then calculate J 
from equation (18) below using the value of Ay given in a table listing that 


core size. 
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Equation (18) 


Select a core from the group that has the closest permeability to the one 
calculeted. Then calculate the number of turns for the required 


inductance. This is done using equation (19). 
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Equation (19) 


Lrew = required inductance, millihenrys 


Ly000 = Millihenrys / 1000 turns (from core table) 


K. COMPARISON DESIGN 


Three sc inductor design carnparisons were made using two different 
ferrite core configurations, a pot core, EC core, and 6 toroidal MPF core. 
The cores’ electrical and mechanical perarneters alang with the test dats 
are shown in the campsarison table below. The purpose of the tests was to 
show that in each configuration the power lass due to the sir gap wes 
significant. The approximate copper end core lasses were rieasured 


seperately. The tote] lass was then messured arid the gap loss calculated 
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epee, 
by subtracting the copper and iran losses from the total loss. 


Design and Test Conditions 


The inductance wes approximately 140 micro-henrys in each case end the 


inductors were operated under the fallawing conditions. 


1. frequency, 20kKHz 
2. applied valtage waveform, square 
3. voltage, 9OV 


4. trienguler current, 14 Amps p-p 
Copper Lass 


In each case the temperature rise due to the copper lass was determined 
usirig @ DC current equivalent to the ac rms current of equation (2). The 


approximate temperature rise data due to copper lass alone can be faund in 


the comparison table under P ay: 


Care lass 


Far the two ferrite cares the temperature rise due ta core loss alone was 
evaluated by reducing the air gap to zero. The AC voltage was applied 
directly to the inductor. Without the sir gap the magnetizing current is st 
least two orders of magnitude below the normal magnetizing current 6nd 
is so low that the copper lass is negligible. The core loss depends only on 
the applied voltage and is independent of the current amplitude. Tne 
appraximate temperature rise data due to core loss alone can be found in 


the comparison table under Pro. 
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_ Gap Loss, Core Loss and Copper Loss’ 


The combined temperature rise due to all three losses, gap, core and 
copper, was measured with each inductor operating with its designed air 


gsp. The lasses are found in the comparison table under P The 


I: 
temperature rise in the distributed gep MPP core was much less then in 


the twa ferrite cores with their relatively large air gap. 

The spproximate gap lasses were then calculated and entered in the table. 
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COMPARISON TABLE 


TYPE POT- CORE EC-CORE TOROID 
FERRITE FERRITE MPP 
1 CORE NO. 3019 EC-35 55551-A2 
dele cm>= 0.092 0.067 0.107 
3 Apcm4 1.017 1.246 1.863 
4 Ww, cmé 0.747 1.48 2175 ew 
SA, cm 4 1.60 avg 0.84 0672 
6 MPL cm 45 a 8.15 
faea em 32.0 42.8 46.0 
8 Gem 13 2.38 NA 
g Toem 0.254 0.950 NA 
10. ~F 1.47 2.670 NA 
11 MAT. PERM 2300 . 2300 NA 
12 EFF PERM eS 7.90 14 
“13 R, RESISTANCE 0.0499 0.0835 0.6740 
14 By tesla 0.30 0.20 0.167 
15 Pay TEMP.RISE = 10C one IoC 
16 Py, TEMP. RISE 10c 10 NA 
17 P TEMP RISE 70C Q5C ssc 
1S WIRE NC. AWG 4*24 4*24 5 #24 
19 TURNS 34 67 100 
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SYMBOLS 
regulatian (%) Le, 
iron crass-section (cm $q) VA. 
area product (cm 4th) We 


surface erea (cm sq) 
ac flux density (tesla) 


fringing flux 

operating frequency (Hz) 

window length (cm) 

separation between coil and core (cm) 
current density (amps / cm sq) 


wavefarm factor 

core geametry (crn Sth) 
window utilization 
inductance (henrys) 

gap length (cm) 


mean length turn (cm) 
magnetic path length (cm) 
number of turns 


copper loss (watts) 
iron loss (watts) 
gap loss (watts) 
combine lass (watts! 


apparent power (valt amps) 


relative perrnesbility 
yolt-amps 


window erea (cm sq) 
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Transmission Line Theory. (General) 


ie: Introductory 

The transmission lines treated in these notes consists of two conductors , 
usually copper or aluminum, arranged in various configurations some of which are 
illustrated symbolically by Fig.1. The purpose of a transmission line is to guide 
electrical energy in some form, such as 60 cycle energy for home and commercial 
purposes or modulated energy in the form of telephone conversation and others, from 
one location to another. The conductors of the transmission line do not transmit 
the energy but serve only as guides for the energy which is transmitted in the 
electromagnetic field surrounding the conductors. This is the only concept that 
satisfies the Maxwell field equations and agrees with other systems of energy trans- 
mission such as hollow wave guides where only one conductor exists and radio 
transmission where there are no conductors.” 

The mathematical treatment and physical behavior of a transmission line 
depends upon whether the line is electrically short or long. Actual physical 
length and electrical length are two different quantities when deciding whether a 
line is short or long. A transmission line is 100 meters long physically. At 60 
cycles per second it is very short electrically. At ye® cycles per second it is 
very long electrically. Electrical length is expressed in terms of wavelength for 
a particular operating frequency. Wave length is the distance for which a voltage, 
or current, undergoes a 360° phase shift from one end of the line to the other. 

One wave length at 60 cps is 3100 miles. Whereas it is only 3 meters at 108 cps. 


A transmission line is a linear circuit consisting of resistance R, induc- 
tance L, capacitance C and leakage conductance G uniformly distributed throughout 
the length of the line. The resistance and inductance are in series with the line 
conductors and the capacitance and leakage conductance are in shunt as illustrated 
in Fig. 2. Because of the distributed nature of these parameters the current and 
voltage on a line undergo continual changes in magnitude and phase along the line 


in relation to the current and voltage at some reference point such as the sending 


end or the receiving end. 


A very short, electrically, length of transmission line may be represented 
as a T or 7 network as shown in Fig. 3. For example 50 miles of 60 cycle power — 
line is only .0155 wave lengths long and may therefore be represented as a single 


T or 7 network. For a power line only a few miles long it is generally sufficient 
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ce. shielded pair line 
outside shield usually 
copper and grounded 
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d. cable type line 
sheath may be metallic 
some cables contain 
several pairs of conductors 


Fig. 1. Several Types of Transmission Lines 
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source @p and the load Z, showing how R,L,C and G are disposed 
to form a circuit of uniformly distributed parameters, 
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A ve short transmission line represented by a 
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the entire length of line. 


or tr network. 


The parameters Ry, Ly, Cy, and G, are for 
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to replace the line by its overall resistance and inductance and neglect its capaci- 
tance and leakage cn ductance, 

When a line becomes of the order of .05 wave lengths or longer and there is 
only one frequency of interest the line may be represented by a single DaOnett 


network whose parameters are determined from the open and short circuit impedances 
of the line. However, open and short circuit impedances must be determined either 


from measurements or from mathematical theory which takes into consideration the 


uniform distribution of the line parameters. Thus for a line that cannot be 
represented by a T or m network without the use of the open and short circuit 
impedance it becomes simpler to treat the line as a uniformly distributed parameter 


circuit and derive and solve the differential equation which apply. 


2. Derivation of the Differential Equations for the Transmission Line. 

In order to arrive at/Pair of equations which express the relations for 
voltage and current at any point on a transmission line it is necessary to first 
derive the fundamental differential equations for the line. These equations are 
then solved for voltage and current in terms of the line parameters, the distance 
to a point in question and the terminal conditions. 

The differential equations are developed by applying the e.m.f. and current 
laws to an infintesimal portion of the line. Fig. 4 represents an infinitesimal 
portion of a transmission line. Since the current in one conductor is equal to, 
but opposite in direction, at any instant of time to the current in the other 
conductor, all line resistance and inductance of the infinitesimal portion of line 


is placed in the upper branch as shown. 
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Fig. 4 An infinitesimal length of transmission line. 
The parameters R, L, C and G are for a unit 
length of line. 
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Referring to Fig. 4 the difference in potential between the line conductors 
at point Po is equal to the potential difference e at Py plus Ae where Ae is the 
incremental change in potential difference in going from Py to P, because of the 


2 
current iin RAs and LAs. In equatinn form this becomes 


ie o. vs 
e = (Ri HS ) As = e +Ac 


Which gives, as As’ * 0 


de _ : oi 
et (Ri + L are (1) 


In the infinitesimal portion of line from Py to Py the current i and potential e 

are changing with respect to both time and distance, thus the partial derivatives. 
In a similar manner as the above the current to the right of Po differs 

from the current between P, and P 


1 %0 
current due to the shunt paths GAs and CAs. In equation form 


by Ai where Ai is the incremental change in 


i, indi - (Ge+c 2) os 


which gives, as As =0 


ee oe 
sos (Ge +C sp) (2) 


Equations 1 and 2 are the fundamental differential equations for a trans- 


mission line. The equations give the space rate-of-change of e and i respectively, 


and at each point on the line e and i are changing with respect to time, This 
indicates that e and i are propagated along the line in a wave pattern. This will 
become clearer when the differential equations are solved and physical interpretations 
are given for the resulting solutions. 

Solutions of equations 1 and 2 are best carried out by first obtaining two 
equations, each of which is expressed in terms of a single dependent variable, i.e. 
one equation containing only e and the other containing only i. This carried outas 
follows. 


Differentiation of 1 with respect to s gives 


SED, ieee (3) 
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Differentiation of 2 with respect to t gives =~ ~~ - 


2 2h 
rice he Oe ee 
sas Set | (4) 
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Now substitute = from equation 2 and “ from equation 4 into equations 3 and. 


get 
2 V2 
cals 96 oS 
i RGe + (RC +LG) art LC 375 (5) 
In like manner 
2 : 2 
2 aM4 
oF = RGA + (RC + 1G) SF + LO 5 (6) 


These are the second order differential equations that govern the behavior 
of e and i for the transmission line. 
Except for the special case which is the steady state solution when e and i 


are sinusoidal functions of time the solutions of equations 5 and 6 are quite com- 


plicated both mathematically and physically. Hence in order to acquire some physical 


insight into the nature of e and i before proceeding with steady state sinusoidal 
solutions equation 5 and 6 will be modified to represent the loss-less line 


condition, i, 6, R =G=9. In this sense they become 


pie = 1c a~e (7) 
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3, Travelling Waves. 


Equations 7 and 8 are generally known as the wave equations for loss-less 


transmission lines. Just why these equations portray wave motion may be seen by 


examining in some detail their steady state solutions when e and i are sinusoidal 


functions of time. An assumed solution for equation 7 is 


e =e, cos (wt - 3s) + €, COs (wt + 3s) (9) 
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That this is a solution may be shown as follows: 


OB AN ano : ; 
55 = + Be, sin (wt - 8s) -8e€, sin (wt + 8s) 
ce A oe 
eae Be, cos (wt - Bs) + 8 e@, Cos (wt + 5s) 
os 

gy? t 


= 3° [ te, cos (wt - 3s) + @, COs (wt + Bs)] 
Likewise 
eee 2 2 
/( == =~ we, cos (wt - 8s) + we, cos (wt + 3s) AE 
CU ae 1 2 


=w [+e cos (wt - Bs) + @, cos (wt + 8s)] CC 


Then if 8 = w ./LC equation 9 becomes a solution of equation 7. Now by 
graphing the first term of equation 9 in Fig. 5 for several instants of time it is 
seen that this term represents a wave moving in the positive direction of s. Ina 
similar manner the second term of equation 9 represents a wave moving in the negative 


s direction. For one complete period, i.e. 1/frequency, the wave moves a distance 


called one wave length A. Thus 


BNE 20 gr i (acatt 
35> A= > OR 3 = = (10) 


Now s = velocity of wave multiplied by time or 


Dee is - 

s, = 4 = vel.xt = vel/f = 7 
Hence vel = oe (11) 
eds ere LG | (12) 


cede 
Consequently velocity = jue = 7 and is called the phase velocity of the 


wave. For a transmission line with air or vacuum dielectric it may be shown that 


if the self inductance due to magnetic flux Linkages inside the-conductors is 
neglected Lif LC = c the velocity of light in free space. For any lossless line 
fain e/ Je. where . is the dielectric constant of the medium around the line ei 


conductors. 
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Assume now a line so terminated that only the first term of equation 9 exists. 
This is possible as will be seen later. Suppose two oscilloscopes were connected 
across the line s meters apart. Both oscilloscopes would show sinuisoidal voltage - 
time waves. However, the voltage-time wave shown on the oscilloscope farthest 
from the source end would be 3s degrees lagging the voltage-time wave shown by the 
other oscilloscope. Suppose the oscilloscope nearest the source were connected 
to the line at the instant the voltage was e, volts and then moved along the line 
at a velocity v,° The oscilloscope would continue to show e, volts. These 
observations help to show that a travelling wave exists on the line. 

When the resistance and leakage conductance are not zero, as is the case 
for a realizable line, the travelling waves suffer attenuation along the line. 


This will be shown later when the equations for the general case are discussed. 


4, Transient considerations. 


Returning now to the basic differential equations namely 
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A general solution of equation |3for e is 


e= e £(t i =) + e, it + =) (15) 


where v=1/ fic and is the velocity of propagation as was found for the steady state 
solution when e and i vary sinusoidally with time. It may be shown from funda- 
mental dimension that 1/ [LC is velocity. 


Now examining, in detail the first term of equation 15 it is seen that 
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Assume now the corresponding solution for i. i.e. 
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C 


designated as Ro or Ree 
the 
Proceeding in a similar manner Por enand terms of e and i results in 
Rie - fe. However, in order to have a positive sign for R,in both cases the 


solution for i becomes 


poet PORE SG (20) 


JLIec 


Now inasmuch as e, £0t -2) is a wave travelling in the positive direction of s and 


eo f(t + =) is travelling in the negative s direction it is proper to call 


ey f(t - = an incident wave and G5 f(t + oe a reflected wave. 
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Suppose now a loss-less line is terminated in a resistance Ry then 
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Equations 24 give the voltage reflection coefficient K " and current 


the 
¥ reflection coefficient Ky both ats load resistance Rye In other words 


e = K and 
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For the case in which Re = Roe Kor = Key = 0. and there is no ref jection 
That is, all of the energy that reaches the load is dissipated in the load. 

When the line is shorted at the load Ry = 0, Kos, = =i and Ken = +1. When 
the line is open at the load Ry = ull, Kon = +1 and Ky = -1. 
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50 ohms 


Given a loss-less line, characteristic resistance Ry = 50 ohms, 600 meters 
long illustrated by Fig. 6. The velocity of propagation is 300 meters per micro 


second or 3 X 10° meters per second. 


Example i. The source e. is a 10 volt battery, the resistance R = 50 ohms 


and Ry = 50 ohms. Figure 7 illustrates the way in which the voltage propagates 


down the line. When the switch s is closed the resistance to the incident wave 


is 50 ohms, this is true regardless of the resistance of the load. Hence the 
At the end of 1 wsecond the voltage has propagated 


y line voltage is 5 volts. 
| At the end of 2 pseconds the entire line is raised to a 


half way down the line. 
5 volt potential. The potential stays at 5 volts as long as the switch remains 
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closed. The current becomes 5/50 = .1 ampere and propagates along with the 
voltage. 


See page 13 for Fig. 8 


Example 2. Suppose all conditions are same as in example 1 except Ry = 150 ohms. 
For this condition the voltage reflection coefficient Kon = Cas = +.5 and the 
current reflection coefficient Kon = -.5. Hence the incident voltage and 
reflected voltage at the load add up to 7.5 volts. Then at the end of 2 wseconds 
+2.5 volts propagates toward the source. Since the source resistance a = Ry 
there is no further reflections when the 2.5 volts reaches the source and the line 
remains at 7.5 volts as long as the switch is closed. The current will reach a 


steady value of oe8 =,@5 amperes. See Fig. 8. 


See page 13 fer Fig. 9 
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Example 3. Suppose the conditions are the same as in example 2 except Ae = 0. In 
this case the voltage reflection coefficient at the source becomes -1.0. The load 
reflection coefficient remains at + 0.5. Now events are pictured in Fig. 9. Graph 
(b) shows the first reflection of + .5 x 10 = 5 volts travelling toward the source, 

At the sovrce -5 volts are reflected and travel toward the load, Graph (d) shows 
the second reflection of -2.5 volts travelling toward the source where +2,5 volis 
are reflected. The third reflection results in +1.25 volts travelling toward the 
load. Thus the reflections ar2 dying out and the steady state voltage of the entire 


line becomes 19 volts. 


Example 4. Suppose the conditions are the same as in example 1 except the 10 volt 


battery (step voltage) is replaced by a 20 voli pulse of 1 usec, duration, fince 


Ry = R, this pulse which will reach the load in 2 pseconds, will be dissipated 


entirely in the load resistor, no reflection. 
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Example 5. Suppose the conditions are the same as example + except the load 
resistance is 150 ohms and the source resistance is also 150 ohms. The voltage 
reflection coefficients at the load and at the source are both equal to 0.5. A 

1 psec pulse of 5 volts [= 50 x 20/(150 + 50) 7 travels toward the load and reaches 
the load in 2 yseconds. It is reflected at the load as a +2,5 volt pulse which 
travels toward and reaches the source end in another 2 wseconds. It is reflected 


at the source as 1.25 volts travels toward the load and reaches the load in an 
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additional 2 seconds and so on. Figure 10 represents the total voltages at the 


source and load for the first several w seconds. 


5. The Steady State Solution Using Phasor Notation. 


Returning to the second order equations namely 


3 | 
S-$ = RGe + (RC +16) 22+ 1c S$ : (5) 


2 


<= = RGi + (RC'+ LG) ~ + LC — (6) 


Now replacing os by je by (jw) and writing V for e and I for i there results 


the equations in phasor form for the steady state when the voltage and current 


are varying sinusoidally with time namely 


LY RGV + (RC + 1G) jw - LC w°V (25) 


age RGI + (RC + LG) jwI - LC wT (26) 


Now since 


(R+ jwL)(G + jw C) = 2Y = RG = LC w~ + jw (RC + 1G) 


Ose = Y2V or d@v (27) 
— = = YlV 
2 
ds 
eT 2 
SS nea isla yal ey (28) 
2 
ds 


Equations 27 and 28 are the second order differential equations for the lossy 
transmission line in phasor form. They apply only for the steady state when the 
voltages and currents are varving sinusoidally with time, The solution of 27 
follows. It is assumed to be 
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where Vy 9 Vo and y are to be determined, the second derivative of 29 gives 


oy = yv,er" + yv,e7¥9 (30) 


Now according to equation 27 the right side of 30 must equal ZYV = ZX(V,e"° + 
wae’) by virtue of 29. This will beso if y =/Zy. Therefore the solution to 27 


becomes 


(pee v,ef2¥5 + vje vers (31) 


where vy and Vo are to be determined. Note that y = jen could have been obtained 
eae 3 2 of 
by substituting y for 55 0r Y for S72 in equation 27. 
Because cos (wt+8s) is involved in the solution of equation 5 in a non-phasor 
form. It is reasonable to expect if jw can be substituted for o to get the phasor 


form that y (which turrs out to be the propagation constant) might also be substitutec 


for 2 « In other words a’v/as “= y-V = similar to a“y /ot® = (jw) 2v 


3s 
A similar procedure for the current equation results in 
I=1, [ts Tena (32) 


Now the voltages vy and Vo and the currents I, and qT, do not depend upon s 


but depend upon the terminal conditions. Suppose a reference point is chosen so 


that I = Ty and V = Vg at s=0. s is positive in going from the reference point 


toward the load and negative in the opposite direction. 


< yo “YO _ a 
Then V = Vie"™ + Vee SRV oh tk ike fy (33) 


and 
using an equation that is the phasor form of 1 namely 
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ag wal . (34) 
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aus =.0 sinsevey® = —n2is 


v, fet - Vp [2 =.-21, (36) 
V,-V,=- Z7t"-1, (37) 


Hence the solutions of 33-and 37-¢ive- --~- 


v, 1/2 cv SIZES. ey 


1) 


V 


" 


2 1/2 (Vy + aR Iy) 
Consequently 


V = 1/2 (Vy + f2/¥-Ip) e"V5 + 1/2 (Vy - f2/¥ ed (38) 


In a similar manner 
Te -YS ~~ +t ys 
T= /2 (Ip + Afz Vo) € + 1/2 eras ft/z Vo) € (39) 


Equations 38 and 39 are the phasor equations for V and I at any point on.a 


“transmission line when the time variation is sinusoidal. Vo and Ty are the voltage 


and current. at-.a reference point from which s is measured, positive toward the load 
end and negative toward the generator end. The unit for s is the same as that for 
the line parameters L,R,C and G. 


6, Characteristic Impedance and Admittance 


The quantities felt and Jz appear in equations 38 and 39 for V and I. 


[alt 4s called the characteristic impedance and is designated as Z)- 
Now since Z=R+ jwL and Y=G+ jul 


Zo = [RA - on ae (27x {cos¥ + j sin Y) (40) 


a Ro ae JX ehms, independent of s 
~ where 
Ry = [elt cos ¥ | (42) 
= 4 y 
Xo ‘fart sin 
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1 wC 
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4 Most transmission lines are so well insulated that (except for extremely low 


frequencies) G << wl. Also = isusually much larger than wL/R. Hence the angle of 


25 lies between 0 and 15° for most all conditions. It is zero for the loss-less 
line and nearly alps? for small conductor cable type of line shown in Fig.ld. For 
a pair of no. 10 copper conductors spaced 12 in. apart and operated 1000 cps 

Zo = 692 fev 225° . For this same line operated at 10° cps 


a fe) 
Zo = 650 /appx_0 
The angle is appx 0° because wL/R = 230 and w0/G is assumed to be infinite. For a 
pair of number 19 conductors in a cable like Fig. id. and operated at 1000 cycles 
° 
Zo = 463 /-42” . 
The characteristic admittance is symbolized by Yo and is the reciprocal of 


Zoe 


7. the Propagation Constant y. 


The quantity y appearing in the exponent of ¢, or gi is called the pro- 
y pagation constant and is equal to /ZY. Since, in general Z and Y are both complex,. 
rs |} ¥ 


i.e. Z=R+ jwh and Y=G+ jwC, y will also be complex. It is composed of a real 


part a and a j, or imaginary part 3, i.e. 


(" 


Y=atjp = Zt = [2 (Le (43) 
Then 
tane wh tans oe attenuation censtant 
a a COs ( R G ; fae (444) 
2 
and 
-i wh -1 wl 
we : tan ==+ tan = 
p [et nthe f 3 : ) phase censtant (45) 


Radians/m 
note the similarity between angle of Zo and the angle of y 


In other forms it may be shown that 


fil2 (2X + GR - w~ LC) | (46) 
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j[l2 (2xl- GR + w* LC) (47) 
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iy § Ys 


Now since y = a + jG the quantities ¢ © and e7 appearing in the equations 


OS. IPS ang e775 respectively. Thus equations 38 and 39 


may be written as 


V= 1/2(¥, + Zytp) ee + 1/2 (Wy = ZoTo) e%S. IPS (48) 


KH 
) 


-as -jfs as_ jis 
1/2 (Ip +YVo) ee + 1/2 (Ip - Ss ee (49) 


At any point on the line V and I are varying sinusoidally (or consinusoidally) with 


time. 
When a voltage or current is expressed in phasor form the consinusoidally 
3 
time varying form may be obtained by taking the real part of/expression for V, or 


I, mltiplied by c2". without going into much detail, this will result in 


as as 


e= 6, ¢ cos (wt - Bs + ei) +e cos(wt + s + Yr) 
Q 


zZ 


for the voltage, where ey and G, are obtained by evaluating 


¥ 


= j(wt-Bs+ 6; ) 
Real part ofS IVo +p Zl ¢ 


and the real part of ’ 
2 j(wtt+Bs+ 6r 
ve|V- Ip Zl ¢ 


because : a. 
ediwt 5 Bs) _ cos(wt + $s) + j sin (wt ft Bs) 


8. Wave Characteristics of Propagation on a Transmission Line 
Equations 48 and 49 are the phasor equations for the steady state voltage 


and current of a general Pane it eiccia en driven by a sinusoidal e.m.f. Each 
equation is made up of two terms that have physical significance. The terms 
that have exponential factors with negative exponents are caljed incident 
components and those with positive exponents a-e <a: ied ver'ected Components. 
Incident components constitute wave components that travel from source toward 
the load and reflected components travel in the opposite direction. Reflected 
components originate at the load or any discontinuity at which V/I is not equal 
to 25° Thus 
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an incident component of voltage (V_ + aS, een aah 


s - Jes 


It 


dle die wlr dire 
oO 


a reflected component of voltage (V_ - eae) ee 


ul 


an incident component of current (I_ + Vor) gros es 


il 


a reflected component of current ba Race Vor.) oo eJPs 


Incident components are largest at the source end and decrease exponentially as 
the point of interest moves toward the load end. They also shift in phase ina 
negative, or clockwise, direction. For example, Fig. 41(a) is a phasor diagram 
for incident voltages at intervals of 30° (1) ;pwavelength) for a complete 360° 


rotation or one wavelength of line. The line is open at the load end. 


Reflected components of V and I are largest at the load and decrease in 
magnitude as the point of interest modes toward the They shift in phase 
in a positive direction in going from the generator to the load. 

Figure 11(b) is a phasor diagram for the reflected components of voltage 
on a transmission line open at the load end. The total phasor voltage is the 
phasor sum of the incident reflected voltage at any point on the line. 

Now instantaneous voltage may be derived from a phasor voltage diagram 
by rotating the phasor diagram uniformly counter-clockwise with time.and plotting 
the projection of the phasor on the horizontal axis as ordinates and angle of 
rotation as abscissae. This gives a cosine function of wt. At time t = 0, when 
V is a maximum at the generator the projection of each of the phasors shown in 
Fig. 11(a) on the horizontal axis represent the voltage existing at locations 0s 
degrees down the line. For example, phasor 9 is located js = 90° from the 
generator and the instantaneous voltage is zero when the generator voltage, 
phasor 12, is a maximum. The voltage at location 9 reaches its maximum 90 time 
degrees later. However 4t is smaller in magnitude because of energy loss due to 
R and G on the line between the generator and position 9. 

Figure 12 represents the instantaneous voltages, incident and reflected, 
on a transmission line 2 wave lengths long, open at the load end and moderate 
attenuation. The time interval between the different graphs of this figure 
is 1/8 of a period. Note that the incident voltage propagates toward the load 
and the reflected voltage toward the generator. The 5 graphs covers a time 


interval of 1/2 period. The total voltage at any time and at any point on the 
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Fig. 11. Diagram, Phasor and rectangular,of incident and reflected 
components of voltage on a transmission line with load end 
open. The interval between phasors is 8s = 30° or 1/12 
of a wave length. 
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Fig. 12. Distribution of incident and reflected waves of 
instantaneous voltages on a lossy transmission 
line for various instants of time. Solid curves 


are incident voltages. Dotted Curves are reflected 
voltages. 


Lie oe, » oe gaa ss eo er re 

a! \ vate i. ae 
. i 5) . 
~ bY 7 ; 
‘ 
a ; ALG 
, d,s} au 
ot ae ry ab 
f F i" Wt y {) 4 ra ; 
~ Sant 
Vial ? vy vee ; 
’ | ut Mies oka y ‘ 5 


4 aaa Pama aay 


7 br ™ > om , 
‘i j ‘ 
‘ ‘ dE 
' eS a iu « 1 
* eee WL ’ bat? 
i 
> 
v4 S. 
, ‘hin 
A ee ‘ 
~ + 
’ 7 : ; 
| haem j 
A : = 4 
f _¥' f 
s 2 AR ACR ne Sele Tw oa eranenlt aye ds a @e 
i » pe * 
. ; rg ee : 
J 4.4 — » , 
Wey csk oi 
wed ated tee 4 
» +? lacie 4 r * we } 
@ P| 
; Py a . s # 
i ; ' ar 
h ~—* nt reach ottawa mw banat es sown ame + = 
‘ H Sa 
é " 5 / 
{ j ke 
: : : 
3 } 
Z oa 


*, 4 ” - 


: * P ’ 
: 
te a pati S10 ee tle ten om pa etn aansansitlgone 
‘ - 
} 


a. S., 


r AA. chemi seahnah eteneemeneeue heme woninianneampadl 

A e M 

ei j am ‘ ve 

ri bi Py ae 

* ee j , 

: I : 4 : 
, sae 

’ Ae 4 » 
to gover, be ton lies has pau to odtiedanire.ba. Sf ght 


ae note stevens ' pasate no noyed ior wane tne Ienz Pint 
eavayo Brito ,att lo sdnatend quoktey tos OSE « Nagas 
besoo.f tus ota avs) pis seogadlov towdtoat fs 


hy anes 
5 2 

nyt VA 
a's ‘act 


Lay q F { 


23 


line is the algebraic sum of the incident and reflected voltages. This voltage 


is given by 


e = real part offZ 6“ (V, + 1,2,) _ dats) 


as j(wt+Bs) 


{2 
+ real part of 3é (V_ - 1Z,) € 


fe) 


9. Input Impedance of a Lossyline 

Referring to equations 48 and 49 and measuring distance from the load end 
the input impedance toward the load at any distance s from the load i.e. the ratio 
of V to IT becomes 


(2,42) + (2,-2,) ere =2B6 
(2a) = (G2) 628 


A tr sce (50) 


where s is the distance from the load to the point in question, and its negative 
aspect is already incorporated in the equation. It is seen that when 
(Z,-2,) eR f 286 is zero or very small compared to (2, +Z,) then Z, = Z,. This 


is true when Zr, = Zo and also when enous 


is very small because of a comparative 
high as product. When Zr, = 26 there is no reflected wave. When as is large the 
energy reaching the load is so small that the reflected wave has very little effect 
upon the input impedance. 


When the load end is short circuited, 1.¢., Zr, = 0 


Lin e708 | 255 
Z55 7 Zo -20S : (51) 
1Tt+e [-28s 


= by tanh ys 


Examination of the absolute value of this equation shows that 2,>L, when 6s = 17/2 
and its. odd-i multiples and 2,<4, when 8s = 7m and its integral multiples inclu- 
ding Q when a is very small 25 becomes very large at odd multiples of Ps = 3 
and very small at integral multiples of fs =T. 

When the line is open at the load, i.e., Zr, = oft 
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Thus where Z z is large Zs is small and vice-versa. 


i 
Now from four terminal network theory 


[ts 0235 = image impedance of the network which is the same as the 


characteristic impedance for a symmetrical T or nm network. 


Likewise 


| 72 
by og = Vz * Lo for a transmission line. 52) 
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HIGH FREQUENCY TRANSMISSION LINES 


ds Line Parameters at High Frequencies 


When transmission lines are used at high frequencies generally the 
construction and configuration are such that analysis is simplified because 
certain approximations may be made without much error. Due to skin effect 
of the current in a conductor it may be shown that 


R = Z fs ohms per meter length of line for an (1) 
OW Le ° . fe Ene ee 
TO open wire line ( Foy Poth wives) 
Avg 1 1 . 
BT = Scr Sane ) Haru ohms per meter length of line (2) 
I fe) Pee for a coaxial line 
where r is radius of the conductor in meters, r., is the radius of the 
inner conductor in meters and r is the inner radius of the outside con- 


ductor in meters. oO is,the conductivity in mhos/meter and w is the 
permeability. w= btx107" for nonemagnetic conductors, Oo is the conduc- 
tivity in mhos/meter and u is the,permeability. w = LintxtO7 for non= 
magnetic conductors, oO = 5.8 x 10° for copper. f is in cycles per 
second (cps). 

Now, inasmuch as R is proportional to ./f and wl is proportional 
to f at high frequencies, wl >> R with the result that for much of the 
analysis except where energy loss in involved R_ may be neglected. 
Generally, lines are so welt insulated that G is negligible compared 
Boe ceDC s 

Also due to skin effect the magnetic flux linkages inside the conduc- 
tors are negligible and the inductance and capacitance are given by 


ee = 9,21 x 107" log = henries per meter open wire (3) 
4 "o 
Lait 4 .e 6X 10°" log oa henries per meter coaxial (4) 
i 
_ 12,05&r : 
Cs <- wf per meter open wire (5) 
frog: = 
z 
Abat & 
Cc = s coaxial (6) 
C r 
lag To 
rr 


Note for either type of line 


= ¢/ Ne ces. oe NE (7) 
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where au is the dielectric constant of the material surrounding the line. For: 


air ee. = ie, BESO 


Zz, = u/c (8) 


Z, = 276 log 2 ohms for open wire lines (9) 
r 
ihe ie log a ohms for coaxial line (10) 
2 
7 vem 276 log een) for a balanced shielded line (11) 
fe) an ne D 2 
Vvr 1+(5 


where D is the distance between conductors and d is the inside diameter of theg 
metallic shield, both in meters. 
The wave length A is 


8 
x aye bz Ses (12) 


te, 


The propagation constant is 


y= fit =j=52 (13) 
p 


For an analysis that involves the losses or the efficiency of transmission 
a cannot be set equal to 0 and 8 is not exactly equal to w/LC. Now since 
R << wh and G =wDC << w0, where D is the dissipation factor of the dielectric 


which for low loss dielectrics is approximately equal to the power factor 


Q 
il 


| 4 (2 y+ GR - BX) (14) 


f ee ii 
el wc” + 6°) peice ees 
Vi 


eGR S Bx] (15) 


i} 


1/2 1/2 
Expanding (w°c* R G*) el eats ¢ R*) and neglecting all terms of each 


beyond the second, there results 
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Finke ae L z .§, 

a= =#(w LC + Peet een =) tat =a elon (17) 
bye 20°LC 2L Fat gh 
R@G* 

Neglecting 3 in comparison to GR 
2W 
{ 2 fa 
Eo a ee 


3 GZ 
= BY e a\!t i, sollte SK 
© 8 DIGS PN, Eick etal eae ae (19) 


where 2, = [L[C is the characteristic impedance of the loss-less line. 


In a similar manner 


2 
B=w fie (14+ —+) (20) 
jie 20°C 
z B, (i+ = 5 } (21) 
28 
@) 


where Bo is the strictly loss less phase constant. Consequently the phase 
velocity (w/f) is less than velocity of light. For both open wire and coaxial 
lines some loss occurs in the insulators. This is difficult to evaluate 
analytically. Manufacturers of coaxial lines usually supply the total 
attenuation for lines generally in decibels per 100 feet for the larger 
size lines. 
2.__Propagation on a Loss-less Line 

High frequency transmission lines are usually very short physically but 


may be several wave lengths long electrically. For a strictly loss less line 


a= 0, y= jh = jw iC, 2, = ji, 2, = v,/t and v, =w/S=c//fe. Then 


referring to equation 48 of Transmission Bra ee 


A -ias , 4 +308 
5 (Vo - Z 5 ‘3 Pe am +5 ue - Z5t,)¢ 


Now put Lo = Vi the load voltage, and I, =I = Vi /2, where Z, is the load 
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impedance and measure distance from the load 


1 


V= > 


V, (i + 2,/2,) gJRBn = ee Cien 78/7) e7hs (22) 


which can be written as 


V, (Z,+Z_) * hee M 
Ve SBS (PS 4 BO ess) (23) 
L i 0 ; 


cue 


74 is the load end voltage reflection coefficient Ke Lea, Ke is ratio of 
Peco 
reflected voltage Vs to the incident voltage Vie at the load. Hence 


Wee Ome JES Be K 7 BS) (24) 
where s is measured from the load end and numerical values are used in the 


equation because the signs have already been changed. 
In a similar manner 


V,(2,+2,) 


22, 2, 


The (os K eri) (25) 


Note Kk is the voltage reflection coefficient and (~K, ) is the current 


reflection coefficient. Now equations 24 and 25 are in the form of two travelling 


waves, one moving from generator to load and the other moving from load to 


generator, i.¢., eJPS and e7 UBS respectively. 
tj8s 


Since ¢ = cos 3s t j sin Bs, equation 24 and likewise 25, may be put 


into two other forms, namely 


V,(Z.+Z_) 
Bi blame bie <O jBs - 
= 22. [(1-K, ) € 42K, cos Ss] (26) 
and 
V, (2, +2.) 
V= Te [(1+K, ) cos Bs + j (1-K, ) sin ps] (27) 
jps 


Equation 26 indicates a travelling wave component associated with ¢ and a 
standing wave component associated with cos fs. Equation 27 indicates two 


standing wave components out of space phase and out of time phase. 
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When K, = 0, i.e., 2, 


because there is only one travelling wave moving from generator to load. 


= Z59 equations 24 and 26 are of the same form 


Equation 27 indicates two standing waves 90° out of space phase and 90° out of 
time phase. This is equivalent to the form of equation 24 which shows that the 
absolute magnitude of V is V. at all points on the line and undergoes only 


L 
sinusoidal variations in time. When Ky Sug Ces Zr = of, equation 27 indicates 
a pure standing wave where V is a cosine function of s along the line. A 


= 0, where V is a sine function 


L 


Similar situation exists when K, = -1, i.e., 2 


OLS. 

When Zr = Zo the equations 24 and 25 for V and I show that V and I are in 
phase everywhere along the line including the load. Also V/I = Zoe When 
K = 1 or -1 the voltage and current are 90° out of both space and time phase. 
In this case no energy is transmitted and there is no further wave motion when 


the steady state is reached. This is also true when Z is a pure reactance. Then 


L 
the absolute value of Ke is 1 but there is a phase angle. 


Now returning to equation 26, namely 


oe 2K, cos Bs} 


Vee (1K) ed 
and plotting the two terms of this equation for various instants of time the 
curves of Fig. 1 result. Here k= <a Lo and time is reckoned from time that 
both the travelling and standing wave components are a positive maximum at the 
generator end of the line. At points, a, c, e and g the magnitude of 
[(1-K,) _J88 + 2K cos Bs] is 1.5 and it varies cosinusoidally with time. At 
points b, d and # the magnitude is .5, Thus a standing wave pattern is created 
with a maximum value of 1.5 and a minimum value of .5. 

The ratio of ee Ber and V mat is called the standing ratio S. 

Now returning ae equation 24 and writing SAL for the angle of Ko and 


e7° gor the angle of V (2,+Z,)/22, there results 


Vi, (2, +72 4) 


L 
¥ ees ), _5(e+Bs) 
Now the magnitude of| + ted: J does not change with s. Hence any 


amplitude (p,.-20s) 
/change in V Ea s is ae +) ed *°/} which has the absolute 


valucy +/K, iS + 2)K, i cos (p,. ~- 26s). 
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Fig. 1 Tllustrating how a standing wave pattern of voltage 
on a transmission line is created by a pure 
travelling wave component plus a pure standing 
wave component. 

V.(Z.+Z_) : 
- a 2 [(1-K) eS 4 2K, cos Bs] 
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Now\/ 1 HK + 21K} cos (f, -288) is a maximum when >, -2Bs = 2nm and a 


minimum when $.~28s = (2n-1)m where n is an integer including 0. Hence 


ts, 
V.(Z.+2Z_) 

Ynax| > jo “ 2) (4 +)K,1) (30) 
V.(Z.+Z_) 

esc | 7 - mle tie-iKY) (31) 

Then 
V 1+4K I 
| oe ae, {KS = S (32) 


where S is called the standing wave ratio and is a measure of the mismatch 
between the load impedance 2, and the characteristic impedance Zoe Values for 
S range from 1 to @«@.5 = 1 when |X, = 0 and (Ke = 0 when Zr, = 25° S= o8 
when 1K, { = 1, and Ki = 1 when Z, = 0 or = .© or is a pure reactance of any 


L 
size. In other words S is infinite when the load impedance is such that no 
power is dissipated. For the graphs of Fig. 1, since [Kt = 5, 5= pea 36 


ook Bes: 
Because of the relation between K, | and S as indicated by equation 32 if 


one is known the other may be determined. For example, 


or {Kt = Sat (33) 


However this does not give the angle of Ke The angle of Ky may be obtained 
from further measurements as explained in a later section. 


3. Input Impedance of a Loss-less Line 


The input impedance toward the load at any distance s from the load is 
equal to V,/1, and is given by 


jBs -JBs 
ee € +K ¢ eS Zz. cooBs ty Zn anbs (34) 
a o BS _ x e7 Jes 9S CorBs+j FZ, ain Bs 
L 


which may be written as 


2 
1-(|K} ~ + j2{K,} sin(@, -23s) 
Sgt Fy coe Se ace at ae a fra (35) 
1+{K, 1" - 21 K, icos(f,-2Bs) 
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where i(k la 
R, = 2, : , (36) 
i 4+\K, 1° - 2\K, (cos(p, -23s) 
+ 2iK.t sin(#, -28s) 
X, = 2, -—— > (37) 
141K | -2{K, |cos(, -28s) 
1-|K,| 
Now cos(@.-28s) ranges between +1 and -1. Hence R, ranges between Z| 7 
L cf fe) 1+/ Ky | 
1+ 1K } Ze 
and ZG TST ae is > and 25° respectively. 
1+)K 
ibe yae TK =2.S for (p,-28s) = erm (38) 
and Ze 
= —_— pe i = ns ie} 
Reena fOr hr. 25s = (2n-1)0 (39) 


For these values of (f,-28s), sin(p, -28s) is zero and 2, = Rj, i.e., X, = 0. 
When (f, -20s) is such as to make sin(#, -26s) positive then K is an inductive 


reactance, and a capacitive reactance when sin(, -23s) is negative. A more 


detailed analysis will show that where the standing wave pattern slopes down 


toward the load _end the reactance is inductive and where it slopes up the 
reactance is capacitive. The magnitude of the reactance lies between 0 and 


2, (AG l/14K\"). This is not usually important. 

Figure 2 illustrates some of the pertinent information regarding input 
resistances and reactances. ‘hen a loss-less line is terminated in Ley the input 
impedance at all points is equal to Zo When the line is open, shorted or 
terminated in a reactance S = 6© and Z. is a pure reactance everywhere. 

It is interesting to note that if a resistance equal to 25° were connected 
across the line at any of the points a, c, e and g and the rest of line toward 
the load were disconnected the standing wave pattern toward the generator would 
remain unchanged. A similar situation, of course, is true for connecting a 


resistance Z,/8 across the line at points b, d and f. 


4, Determination of the Load Impedance Ze from Observations on a Loss-less Line 


Referring back to the expression for the absolute value of V on a loss-less 


line terminated in 2, it is seen that minimuns of V occur when 


Q, -28s= (2n-1)n 
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Pir we At points a, c, e and g,R, = Z5- 
At points b, d and f,R, = Z/S- At point h, 
2. = R.-3 X,- The 
input reactance Xx. toward the load alternates 


between inductive and capacitive as shown. 


Fig. 3 Illustrating how the angle br. may be 


obtained from standing wave measurement on a line. 
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The first minimum, from the load end, occurs when s = (p, + )/28. Hence 


b. = 28s un 77 (40) 


Using this relation it would require an accurate determination of distance, in 
meters, to the first minimum of V which is seldom possible jn practice. 
In many cases it is possible to place a short circuit across the line at 


the load and by a standing wave indicator determine where a minimum due to 


actual load occurs with respect to the minimum caused by the short circuit. 


Then the distance Sy in meters between-the location of a minimum due to the 


actual load and the location of the first minimum toward the load end due to a 
short at the load is given by 


Be b, +1 
d 2p 
whence 
d, = 28 s,-7 (40a) 


This is the same as equation 40. Positive values for b, means the load is 
inductive reactive and negative values mean capacitive reactive. This method 
for getting p. is illustrated by Fig. 3. Note that any two minimums, according 
to the above rule, may be used. Maximum of the actual standing wave pattern 
could be used. However, the location of maximums is not as accurate because of 
their broadness. 

Now when | KI and b. are known the-load impedance. can be determined from 
the equation 


Zr, - Z 
ay + Zo K | “ ‘SE 
From which 
1+/K {/p 
2. =2 les (42) 


{K,{ = aa and f= @s,-7 (43) 


Example. The standing wave ratio on-a certain line iS 3 and the distance Sq 


in meters between a minimum due to load Zr and a minimum when a = 0 is such as 
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e) to make Bs, equal to 150°. This gives #, = 2 x 150° - 180° = 120°. Now 
a 
rig olka se 
Hence 
K, = +5 [120° 


Solving for Zr, gives 


eee 1 + ,5(cos 120° + j sin 120° 
tee te, Ot. eee 23 7S08 1200 + j sin oo 
=- 7 Wess ee eee Ak 6000 
iy Go U+aS Ixee Stee 51x 6 G00 
fe) 
ZX ~66 [49.6 


O 
; ; OF PEt, ? 10,0 e 
in meters is 150°/8. — = 2n/A. Hence s, in meters = 3600 * = 122, 


i 


Note 1. Sa 
his v/f. 

Note 2. .66 [496° is the normalized impedance of the load, i.e., normalized 
to Zo the characteristic impedance of the line. 


bY ) 5. Lines of Special Length 


a. The Quarter-Wave Length Line. A quarter-wave length line has several 


interesting and useful properties. It has impedance transforming properties. 
For example, 
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Now set s = A/4 and ae (2, - Zo) i (ey + Z,) and get 


Z, sinh aA/M + Z, cosh av / 4 


Se Z, cosh anf +2 sink cy eae (44) 


For a loss-less line ad/4% = 0, sinh a\/4 = 0 and cosh adA/4 = 1, Hence 
ot 12 
Ye ania (45) 
L 
) ) 
Thus the impedance Z, is transformed to Ti [oes 
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When zy, =(0,0aeCe, L0ad end is Sshorceds, ate becomes very high as seen by 
the following example. 
Referring to equation 44 for ad/4 very small and Zr, = 


cima gets ov " 
Zo Zo coth le Z steGe yf Coun Tepaavies Hence ae = 


47, 
ake 
qs © OA CA 


A coaxial line has a characteristic impedance of 50 ohms, an outside diameter 
of i- hs ate and a 0.67 db loss per 100 feet at 1000 megacycles. This gives 
a= 0 = Bie * X pe xX 30.5 = 2.36 x 10° “3 nepers per centimeter. At 1000 megacycles 
= 30 “oeelgeiad Hence Za5 a HZ far = Wx 50/2.36 x 30 'x 107? = 28.2 x 10" ohms 
which is very high but not infinite. 
A quarter wave length line open at the far end has a very low input 


impedance, In this case Zao = Ze tanh oe = by - Thus for the above line 


-5 
Zao = ae TS he ee er = 7.08 x 4072 


which is almost a short circuit. 
Another interesting feature of a loss-less quarter wave length line is 
its use for getting the current in a load impedance that is independent of the 
load impedance. The relation between a generator voltage and a load current, 
which is a transfer impedance, is nee Z 


Hy L 


cosh ys + Ly Sinh ys. For as = 0 
and Bs = 1/2, cosh ys = O and sinh Ys = j. Consequently, 


es Ze (46) 


where Zo is the characteristic impedance of the quarter wavelength line. Thus 


it is seen that I, is independent of Z, when the load impedance is connected to 


L L 
the generator by a quarter wavelength of line. 


b. The Half-Wavelength Line. Examination of the equation for the input 


impedance of a half wavelength line terminated in an impedance a, shows that 


Zz. = 2 (47) 


ih L 
That is the half wavelength line has no impedance transforming properties. 
It is interesting to note an examination of equation 24 shows that the 


voltage at half wave interval on a loss-less line are equal in magnitude but 
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alternate by a phase angle of 180°. Thus if Vy, is the voltage at the load 
Vy = “Vr is the voltage = A from the load, V5 = Vy 1A from the load and so on. 
Also impedances connected across the line at half wave length intervals will 


all be driven by the same voltage (in magnitude) but the phase will alternate 
by 180°. 


6. Reflection Coefficient and the Smith Chart 
The magnitude and angle of the load reflection coefficient K depends 
upon the relationship between ae and Ze and is given by 


where x is x 

p= Patient) Rooke 
Siete Sitar 

for a lossless line because Le = Ro + 30. 


Now at any point on a lossless line where the input impedance toward the 


load is not: equal-to Ly there is a reflection coefficient K, because of mismatch _. 


.of impedances. -Previously it was shown that iKoI = (S-1)/(S+1) where S is the 


standing wave: ratio. Thus the mismatch at the load fixes the standing wave 
ratio and |K,j = (Kt. However the angle of K, is not the same as that of K,. 
The input impedance toward the load is, from Eq. 34 
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From which 
Va seeeE 
K, = sel = {kK |? -28s (48) 
eae eZy (Ky) L 


Thus the magnitude of K remains equal to the magnitude of Ky but the angle 
changes by -28s. This is expected because at the end of a half wave-length, 
28s = 2m, the input impedance is Zr, and the angle of Ks here is the same as 
at the load. 

The absolute magnitude of K lies between 0 and 1. The locus of Ky in a 
polar diagram is a circle whose radius is the magnitude of Kye The angle of Ks» 
eens b, = p,-2Bs, is the angle subtended by the phasor Ky and the u axis to 
the right of center. This is illustrated by Fig. 4. 
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Fig. 4 K = [60 
At 13§ from the load 
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Since the magnitude of Ks or Kos is (S-1)/(S+1) obviously a scale may be 


)) constructed for the unit circle of Fig. 4 that will give S for each magnitude 
g 
of K, For example, for K, = .7, S=1 + Ky /(t- K, ) = 1.7/.3 = 5.66. The 
scale for S will range from 1 to 9, will be contained within the unit radius 
of K circle and will not be uniform. Now 
aol 2-2, : (2, /Z5)-1 wie 1 (49) 
i 2,42, (2, /2,)+1 ene 
rs -i+j x, 
o eoreny para yh me (50) 
i ht 
vs and x; are called normalized input resistance and reactance, i.e., they are 
~. normalized to the characteristic impedance of the transmission line. Set 
P= + j x, 
> PRES ree a a (51) 
i 
solve for u and v and get 
y) ry - i+ xe 


(52) 


ale n> ahha ard et eg mn laa eral 


- 


~ o . . i eh ot em em er rs : 4 
a) as a> soak ewes arnecee oa , ule : 


hadi 
is an OO eg, 
= 
. 


. | : 
i * 
; \ \ H \ f i 
j MK } to. f, - 
‘ ‘ t 
hd, i ; - } 
¢ f 
\ is » 
\* ‘ ! VPwy, 
1 A be - ” a al 
> \ r * 4 4 y 
a } Ts 5 Ps 
Far i I ’ 
‘ “ F 
My kath A iy 
\ # 
ey | ¥ 
¢ t e 
aol $ os \ 
Oi wr 
Lee E Wl ’ aS 
Ae .e af | ad ania 
ore, * 
: ; ,; 
4 " ft rou i} 
zn is La i 3 x 3 t Mi oy F 
” A x 
~ 4 *< f Ps \ ° L% - ¥ 
k A aes ae Neo = Nie Ese » 


yom ofsoe 5 viswotvds (5 )\ (tad) 2b am . 7 6 Ahad ie er ene 

; \ : ; u ‘ ‘ Ta Tite 
ft jo fersrao Sitio oe 80% he 
BAT One Ee ad RL) a RR Ih Ree Gia a if wi yoninerte ee 


s- ; : tah na he 


iy : | va oe ine ro | aaa 
{ fh) / 5 gr pir ve oe) Whee = p. 
Q | | Es = os one 


wis Youd ..6-£ ,2ometoser fos scigdeeas sugeut bee btarect, fet ine aa 


eee endl, Aobesimesans ss Kom apa inbietsaroorad att one 


15. 


ae (53) 

v= 53 
(r.+1)* + 
ah al 

i 1 
These result in Cen FHT ) =, (GQ Aten 25 ( me (54) 
@ 
meme ast) (ye my re 3 (55) 
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These equations represent two families of circles. Circles centered along the u 
axis are constant rs circles and those along the v axis constant x, circles. 


=| K., Mig = 1 the whole range of normalized values are contained 


Since ae +V 
within a unit eae and a plot of the rs and x, circles becomes a reflection 
coefficient chart commonly known as a Smith Chart illustrated by Fig. 5. 

Because of the fact that vs and x, are repeated every half wave length one 
revolution around the chart represents 180°, This differs from the circle of 
Fig. 4, which has 360° for one revolution. Portions of circles of constant 
inductive reactances, or capacitive susceptances are found in the upper half of 
the chart and capacitive reactances, or inductive susceptances in the lower half. 
Resistances, or conductances, are indicated along the u axis for the circles 
that have their center on the u axis. 

The magnitude of the reflection coefficient is equal to the distance in 
centimeters from the center of the unit circle to the location of Th and x 
divided by the radius of the unit circle in centimeters. The angle of the 
reflection coefficient is the geometric angle between a line drawn from the 
center of the unit circle to the location of rs and x, and the u axis to the 
right of center. When using conductance Ss and susceptance bs the reference 
is en the u axis to the left of center. In either case if the location of Ts5 
or £.5 and x, or be is in the upper half of the chart d. is positive and if in 
the lower half b, is negative, or if positive angles are always preferred 
subtract the latter angle from 360°. Note that the geometric angle is specified 
in the above rules. Angles determined from the scale on the rim of the Smith 
Chart must be multiplied by 2 to get the angle of the reflection coefficient. 

A circle with center u = 0 and passing through rs and x,» i.@., the K 
circle, is also a constant standing wave ratio circle. Standing wave ratios, 
always greater than one, may be read on the resistance, or conductance, scale 
on the u axis to the right of the center. This is so because, for example, 
when x, = 0 and tr. = 3 the standing wave ratio is 3, or 5S is equal to the 


normalized resistance r for r> i, or i/r forr< 1. 
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REFLECTION COEFFICIENT CHART 


CONTOURS ON CHART ARE RECTANGULAR COMPONENTS OF {MPEDANCE OR ADMITTANCE 
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Examples on use of the Smith Chart 


Example 1. Given a transmission line 5/8 wave Length long with 4 characteristic 
impedance of 50 + jO ohms terminated in a load impedance of 100-3100 ohms. By 
the Smith Chart determine the following: 
a. magnitude and angle of K 
b. the standing wave ratio 5 
c. the input impedance 
Procedure: Refer to Fig. 6 for Solution 
a. The normalized load impedance is (100-j100)/50 =2- j2 (F) 
b. The point 2-j2 is located as Py on the chart and a radial line is 
drawn from the center through this point to the rim of the chart. 
Twice the chart degrees from the 90° mark going counter clockwise 
to the point where this radial line cuts the rim of the chart is the 
angle § of K. This angle is 2 x 165.2° = +330.4°, or -29.6. 
ec. A constant K circle (the same as a constant S circle) is drawn passing 
through the point 2-j2. The ratio of radius of this circle to the 
radius of the unit circle gives the magnitude of Kk. This ratio is 
0.62. Hence K, = 0.62 /330.4”. 
d. The standing wave ratio is read from the scale of normalized resistance, 
or conductance along the right hand portion of the u axis. This is 4.26. 
e. The normalized input impedance is found by starting at 2-j2 and moving 
around the constant S circle 5/8 or 225 chart degrees toward the 
generator. This is once around +45 chart degrees more (225°-180°=45°) . 
This gives 2, = 0.31 ~ j0.54 which is Poe Hence Z, = (0.31 - j0.54)50 
= 15.5 - j27. The reflection coefficient K. at the input is 
0.62 /240.4°, Note the magnitude of K, is same as that of K) but 


L 
the angle is different. 


Example 2. Suppose the line of example 1 is shunted by 125 ohms at 1/42: 08 2 
wave length (30°) from the load. , 

a. What is the input impedance at 5/8 wave length from the load? 

b. What is the magnitude and angle of the reflection coefficient at 1/12 
wave length from the load after the 125 ohm resistor is shunted 
across the line? 

c. What are the standing wave ratios on the two sections of the 


line? 
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The normalized load impedance is plotted at point P,, The normalized input 
impedance is found at point Py which is 225 chart degrees toward the 
generator from Pj . . 
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Procedure: Refer to Fig. 7 for Solution. 
a. First locate the normalized load impedance 2-j2 on the chart as ar 


b. Draw a standing wave ratio circle S, through this point. Then travel 


1 
30 chart degrees toward the generator on this circle, This locates 


the normalized input impedance at the point P. where the 125 ohm 


resistor is to be shunted across the line. ; 
c. Since the resistor is being shunted across the line it will be in 

parallel with the input admittance of the line. Consequently convert 

from normalized input impedance to normalized admittance. This is 


done on the chart by locating a point P, on the constant standing wave 


ratio circle but displaced 90 chart ue Ne from the point Po located 
in b. (see footnote 1 for the justification on this procedure) 
d. Read the input conductance of the line which is 0.45. Convert 125 ohms 
to a normalized conductance, which is 0.4, The 0.45+0.4 = 0.85 is 
the normalized conductance (line plus 125 ohm resistor in parallel). 
The susceptance remains unchanged and is 0,89 on the chart. 
e. Now locate the admittance 0.85 + j0.89 as point Pa and draw a standing 
wave ratio circle S, through this point. Then travel toward the 
generator 225° - 30° = 195° on this new standing wave ratio circle to 
ps. This gives a normalized admittance of 1.45 + ji.1. Convert 
to normalized impedance by the method given inc. This gives 
Zz, = COs bi 0.134) 50) = 2er— i pnonms-at 5/8 wave length from the 
load with 125 ohms bridged across the line 30° from the load, 
fs. The reflection coefficients at the location of the 125 ohm resistor is 
(1) 0.62 /270.4° before the 125 ohm resistor is shunted across 
the line, 

(2) 0.45 [254° after the 125 ohm resistor is shunted across fhe 
line, 
The reflection coefficient at the input is K; = 0.45 pele. 

g. The standing wave ratio S on the line between load and 125 ohm 
resistor is 4.26. Between the input and 125 resistor S = 2,6. Both 
of these values are read on the right portion of the u axis where 


the standing wave circles cross this axis. 


Note 1. The justification for the conversion from normalized impedance to 
normalized admittance as stated in c is as follows: moving from the 


impedance point through 90 chart degrees along a constant standing wave 
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Fig. 7 ILLUSTRATING THE SOLUTION FOi EXAMPLE Da 
_ For Py 2L% 2 = §2, for P5 30° from load yi = 0.45 + j0.89, for P), 
ya + ae x 50 = 0.4 + 0.15 + J0.89 and finally for Pg 225° from load 
eis, (0.3 = J0.3h)50 = 22 » § 17 ohms, Py is not needed in this solution. 
' Note y for P3 = 1/(z for P2) and 2 for Pg» Ifly for Py). 
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.) ratio circle to the corresponding admittance point is equivalent to 
inserting a quarter wave line between these two points. Now the input 


impedance of a quarter wave line terminated in Z is Boe = Dele = 205, 


in normalized notation z. =ZY. andy =ZY. Hence z, =¥y,. 
ic c=L ot c=L oa eh) Tj 
Consequently on the chart Zr, is converted to Uy, by travelling 90 chart 


degrees around the standing wave ratio circle. 


Note 2. In example 2 part d it is found that placing a resistor in shunt 
with the line changes only the conductance at the point of application. 
The susceptance remains unchanged. Now if a susceptance, in place of a 
conductance, were placed across the line the conductance would remain 
unchanged and point P, would move to a new point Py on a constant 


conductance circle. 
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Power at load = ve gr, 


; a en ay ey Br 
Power input = V8 LAL 
Hence V. = V rpae 
a y 8; 


vip. 6 Illustrating the crank diagram principle for getting the voltage 
versus distance on a transmission line 


oe 
vie Nre0se 
‘y Note 1. When admittances are plotted the reference point for V is the 
90° mark on the chart. 


Note 2. h. shown is the geometric angle which is twice the chart angle. 
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7, Voltages from Smith Chart (Crank Diagrams) 

Referring to a previous equation the change in voltages, with respect to S, 
on a loss-less transmission line is given by 1 +|K, |cos(#-26s)+3/K, j sin(P-2Bs) 
which is located on a constant K circle as shown in Fig. 8. Then if line 0-a 
represents the load voltage, line 0-d will represent the voltage at any location 


Bs degrees from the load. Therefore if 0-a represents Vy, volts then 


od 
V(at 6s degrees from load) = Leta 


Note i, O-b represents the maximum voltage on the line and O-c represents the 


minimum voltage. Hence (0-b)/(0-c) = S the standing wave ratio. 


Note 2, When normalized admittance is plotted instead of normalized impedance 


the reference point from which voltage is scaled is at the 90° mark on the chart. 


Note 3. When the magnitude of the reflection coefficient is changed by adding 
shunt impedance at any point on the line as in example 2 the procedure for getting 
voltages is a bit more complicated. On the Smith Chart for example 2 let the 


distance 0 to P, represent 2 given voltage. Then the distance from 0 to Py will 


represent the ee where the resistor is shunted across the line. The 
distance from 0 to Py represents the same voltage found at Poe Po is the 
impedance corresponding to the admittance found at Pye In other words a change 
of voltage scale takes place at the location of the resistor. Thus for example, 
if the length of line O-P, represents 10 volts then the length of line 0-P,, also 
represents 10 volts. Finally the distance 0 to Pe multiplied by the new scale is 


the voltage at the input. In other words the voltage at the input is given by 


Mace ake = # ee 
ay, = 1 — Y, 


Note: The above equation for inh does not hold when impedance is added in series 


with the line. This case is usually not important. 
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Transmission Line Theory. (General) 


The transmission lines treated in these notes consists of two conductors, 
usually copper or aluminum, arranged in various configurations some of which are 
illustrated symbolically by Fig.1. The purpose of a transmission line is to guide 
electrical energy in some form, such as 60 cycle energy for horie and commercial 
purposes or modulated energy in the form of telephone conversation and others, fron 
one location to another. The conductors of the transmission line do not transmit 
the: energy but serve only as guides for the energy which is transmitted in the 
electromagnetic field surrounding the conductors, This is the only concept that 
satisfies the Maxwell field equations and agrees with other systems of energy trans- 
mission such as hollow wave guides where only one conductor exists and radio 
transmission where there are no conductors, 

The mathematical treatment and physical behavior of a transmission line 
depends upon whether the line is electrically short or long. Actual physical 
length and electrical length are two different quantities when deciding whether a 
Ling is short or long. A transmission line is 100 meters long physically. At 60 
cycles per ‘second it is very short electrically. At 10° cycles per second it is 
very long electrically. Electrical length is expressed in terms of wavelength for 
a particular operating frequency. Wave length is the distance for which a voltage, 
or current, undergoes a 360° phase shift from one end of the line to the other. 
One wave length at 60 cps is 3100 miles. Whereas it is only 3 meters at 108 cps. 

: A transmission line is a linear circuit consisting of resistance R, induc- 
tance L, capacitance C and leakage conductance G uniformly distributed throughout 
the length of the line. The resistance and inductance are in series with the line 
conductors and the capacitance and leakage conductance are in shunt as illustrated 
in Fig. 2. Because of the distributed nature of these parameters the current and 
voltage on a line undergo continual changes in magnitude and phase along the line 
in relation to the current and voltage at some reference point such as the sending 
end or the receiving end. 

A very short, electrically, length of transmission line may be represented 
as a T or 7 network as shown in Fig. 3. For example 50 miles of 60 cycle power 
line is only .0155 wave lengths long and may therefore be represented as a single 


T or m network, For a power line only a few miles long it is generally sufficient 
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Fig. 1. Several Types of Transmission Lines 
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oe replace the line by its overall resistance and inductance and neglect its capaci 
tance and leakage cnductance. 

When a line becomes of the order of .05 wave lengths or longer and there is 
only one frequency of interest the line may be represented by a single T ort 


network whose parameters are determined from the open and short circuit impedances 
of the line. However, open and short circuit impedances must be determined either 


from measurements or from mathematical theory which takes into consideration the 


uniform distribution of the line parameters. Thus for a line that cannot be 
represented by a T or nm network without the use of the open and short cireuvit 
impedance it becomes simpler to treat the line as a uniformly distributed parameter 


circuit and derive and solve the differential equation which apply. 


2. Derivation of the Differential Equations for the Transmission Line. 


In order to arrive at/fair of equations which express the relations for 
voltage and current at any point on a transmission line it is necessary to first 
derive the fundamental differential equations for the line. These equations are 
then solved for voltage and current in terms of the line parameters, the distance 
to a point in question and the terminal conditions. 

The differential equations are developed by applying the e.m.f. and current 
laws to an infintesimal portion of the line. Fig. 4 represents an infinitesimal 
portion of a transmission line. Since the current in one conductor is equal to, 
but opposite in direction, at any instant of time to the current in the other 
conductor, all line resistance and inductance of the infinitesimal portion of line 


is placed in the upper branch as shown. 
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Fig. 4 An infinitesimal length of transmission line. 
The parameters R, L, C and G are for a unit 
length of line. 
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Referring to Fig. 4 the difference in potential between the line conductors 
at point P, is equal to the potential difference e at Py plus Ae where Ae is the 
incremental change in potential difference in going from Py to P, because of the 
current i in RAs and LAs. In equatinn form this becomes 


A o. r 
e - (Ri Hp ) As = e +Ac 


Which gives, as As'* 0 


oo he 
ois (Ri+L = st (1) 


In the infinitesimal portion of line from Py to Ps the current i and potential e 

are changing with respect to both t line and distance, thus the partial derivatives. 
In a similar manner as the above the current to the right of Po differs 

from the current between P, and P, by Ai where Ai is the incremental change ry 


current due to the shunt paths GAs and CAs. In equation form 


meee fer de 
4 Af A. (Ge +.C sy) As 


which gives, as As 0 


ole de 
s=- (Gei+nG = | (23 


Equations 1 and 2 are the fundamental differential equations for a trans- 


mission line, The equations give the space rate-of-change of e and i respectively, 


and at each point on the line e and i are changing with respect to time. This 


indicates that e and i are propagated along the line in a wave pattern. This will 


become clearer when the differential equations are solved and physical interpretation 


are given for the resulting solutions. 

Solutions of equations 1 and 2 are best carried out by first obtaining two 
equations, each of which is expressed in terms of a single dependent variable, i.e. 
one equation containing only e and the other containing only i. This carried outés 
follows. , 


Differentiation of 1 with respect to s gives 


2 a 2 
eee Yi oi 
eee hs ht Stas) (3) 
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Differentiation of 2 with respect to t gives has 


aes 


e og * 
os ent 28 4g OE ; 
Stag 7G SE +o 53) (4) 
: Ds 
Now substitute from equation 2 and a from equation 4 into equations 3 and 
get 
2 eC 
aS oe aes 
Sap = RGe + (RC +1G) SF + LC Sp (5) 
In like manner — 
24 a amy 
Sop — RGi + (RC + LG) S$ + LC so (6) 


2 

These are the second order differential equations that govern the behavior 
of e and 1 for the transmission line. 

Except for the special case which is the steady state solution when e and i 
are sinusoidal functions of time the solutions of equations 5 and 6 are quite com. 
plicated both mathematically and physically. Hence in order to acquire some physica: 
insight into the nature of e and i before proceeding with steady state sinusoidal 
solutions equation 5 and 6 will be modified to represent the loss-less line 
condition, i, e, R=G=0. In this sense they become 


Be 1p Us (7) 
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Equations 7 and 8 are generally known as the wave equations for lossless 
transmission lines. Just why these equations portray wave motion may be seen by 
examining in some detail their steady state solutions when e and i are sinusoidal 


functions of time. An assumed solution for equation 7 is 


e = 6, cos (we - 8s) + y cos (wt + 3s) (9) 
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That this is a solution may be shown as follows: 


de A : p 
Ss = + Be, sin (wt - fs) -8e, sin (wt + Bs) 


Pd 
cee = oe, cos (wt - Bs) - se, cos (wt + Ss) 
as 

2 Be [ -e, COS (wt - 8s) = €, Cos (wt + Bs)] 
Likewise 

oe 2 2 
== =-we, cos (wt - Bs) we, cos (wt + 3s) 
se 1 ra 


= w"[-e, cos (wt - Bs) — e, cos (wt + Bs) ] 


re 


Then if 8 = w /LC equation 9 becomes a solution of equation 7. Now by 
graphing the first term of equation 9 in Fig. 5 for several instants of time it is 
seen that this term represents a wave moving in the positive direction of s. Ina 
Similar manner the second term of equation 9 represents a wave moving in the negative 


s direction. For one complete period, i.e. 1/frequeney, the wave moves a distance 


called one wave length A. Thus 


ap ce ease en 
Sy = As 5 One x (10) 


Now s = velocity of wave multiplied by time or 


s, = A = vel.xt = vel/f = a 
Hence AG ax (11) 
Le oe Se lire (12) 
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Lama 


Consequently velocity = yb = Vy and is called the phase velocity of the 
wave. For a transmission line with air or vacuum dielectric it may be shown that 
if the self inductance due to magnetic flux linkages inside the-conductors is 
neglected 1// LC = c the velocity of light in free space, For any lossless ae 
\ lens c/,/e. where is the dielectric constant of the medium around the line “a 
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Fig. 5. Wave moves to right 1A in 1 cycle of time 


| ae pe 


f 
7 ‘ 


eat god ile OVE Re’ os Sy Te a ee 


wegen» of I 


‘ 
eeentoeaigtn ins ttn 8 Ath entete rs 
a oe a 
' * ff 
., ‘ s 
hy ee tl 
; Me 
} 
i 
7% : 
H Ae ithe tty 
' te “a, 
a 
i H, Sapa \ y. 
‘ ae aes f : 
= ns | ae ba sidan ison een haeithon a eer } © ited arnt pt ie 
, ‘. 
: 
| 
' 
7 
i 
‘ 
iin dediemand 
» 
7 teat 
; = 
7 a a 
bills be att 
i 3 hy ‘ 3 
i ‘, . ae te * 
4 f ‘’ y 
, be athe: i ‘sg 


2, 


‘. ae 
A fe , " F i ; , 2 adnan onde mah sane 
\ 7 vs PER aha. some Ws ara a ttslgeraratnsithintnr teen e: stay q 
: j ‘ ‘. off 
; 7 . J a“ » j 


ot ‘ \ 
E s si ™* Nie | eee f 
> 
- we (theo: te eC % 
a 
. * 


: : t Va : Ae 
na , gg ienming bossy Brie IS Spent 
al “ Sia ‘in v 7 ~~, : A >> RA vr ; 
x t ey AS bi Ps i eS ‘ 
sot apace Anarene cat, ay tn ys oe eed ate ee ee penny ae acheeonaty 
ra rm ~ © ra : on Su : ; 4 
Pl ; \ . : gl : - i on 2 ; 


. . ney “ 
ately 


ee om Belle NES Sein 


tts ~ - i 

e _ cy! ra 

ae MP. > “ig 1 i te GS | - , : a th a ihe 

ee sale nna gna taba oinhnoennaptin sgt nicl emmibei : ste nee enaeeads id aa 
4 a f . 


oof ~~ ‘ } 


<a 


bslades 
" 
“~~ 
= . 
\ a 
~T 
Bn, | 
Le 
: un 


— 


gett woe ha 
- ag vA + I ca Bee ge 


'- 7 res tie ss: ¥ Tike 
/ ' . ‘ ‘ yi 
CASA alt : Mn 
we , ' 3 tat ik ate F 
AG P T ae , wht f 


ri a re 
ag Da ‘ 


} 


y) 


8 


Assume now a line so terminated that only the first term of equation 9 exists. 
This is possible as will be seen later. Suppose two oscilloscopes were connected 
across the line s meters apart. Both oscilloscopes would show sinuisoidal voltage - 
time waves. However, the voltage-time wave shown on the oscilloscope farthest 
from the source end would be 8s degrees lagging the voltage-time wave shown by the 
other oscilloscope. Suppose the oscilloscope nearest the source were connected 
to the line at the instant the voltage was e, volts and then moved along the line 
at a velocity v5 The oscilloscope would continue to show e, volts. These 
observations help to show that a travelling wave exists on the line. 

When the resistance and leakage conductance are not zero, as is the case 
for a realizable line, the travelling waves suffer attenuation along the line. 


This will be shown later when the equations for the general case are discussed. 


4. Transient considerations. 


Returning now to the basic differential equations namely 


oe = =(Ri + L =) 
= = -(Ge+C a ) 
and setting R = G = 0 for the loss less case there results 
2-45 (13) 
B.e-c8 (14) 


A general solution of equation /|3for e is 


e= & f(t-=)+e ft + =) (45) 
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where v=1/,/EC and is the velocity of propagation as was found for the steady state 
solution when e and i vary sinusoidally with time. It may be shown from funda- 
mental dimension that 1/ [LC is velocity. 


Now examining, in detail the first term ef equation 15 it is seen that 
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, Assume now the corresponding solution fer i. i.e. 
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ey s eo 3 
shen tty) ie f(t + v) (17) 
3 0 


and taking the partial derivative of the first term, i.e. 


fo) d(t - =) 
Then 
s 4 8 
: eens ES ola (18) 
any . cay 
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\ This is true if R, =a (19) 
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The /L is called the characteristic resistance of the loss-less line and is 
C 


designated as Ro or Rye 
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the : 
Proceeding in a similar manner for /second terms of e and i results in 
* 


R= fb- P 


mee e e 
Tien eet AC ad fen SD (20) 
LC fle 
Now inasmuch as e, £(e -2) is a wave travelling in the positive direction of s and 
Co f(t + =) is travelling in the negative s direction it is proper to call 


ey f(t - = an incident wave and e, f(t + =) a reflected wave. 


{dr 
(2° Lgjn ae ae ae es 
VW ons 
‘Geb st TH oeitelos anttbrogesr109 bul br woe 1 
- £ swe a : 2 ; a ; % 
(Tt) ) | fv + ay Sy aks ee Fe er 
: J 3 K Ph . | eo 
.o.f ymtot Jestt off to -avtteutioh Celie ads aahing & 
; ail fy. sy rs og RS 
B 4. dG. 
(= = Sh ” 
» i , - 
‘ a coy ‘ , 
; Pca ae as = 5) eee #) 38 ; ; 
Lv nteilth fo pte CS } os ‘3 ye , a 
(8k) (eo FIR OF ie mame 
{@t) wh = LP me: 
: y) 
ef bes onll szal-eaol ond 1. ponesedeey oie irodoamassl ond Satie et ve 
“= e 0 » 1&8 bedi 
Finke WSS A gtd. % Mi 5 
ok ediveor t base Yo ane. bipoee riot. ‘TOCMIEM moxtate a a acaiaa i: 
cal f 
# 
{GS} a 


trie 2 Yo cotdootth evtdteoq add ad gblfovers eyaw a “ ei 


a 


10 


a 


) Hence 
e=e, +e, where (21) 
e as 8 
e, =e HER o = and e@, = @, f(t + st 
Likewise 
inssdjatody where (22) 
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where Ro = {tlc 


Su se now a loss-less line is terminated in a resistance then 
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er, = i, Roe Hence 
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(23) 
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L Ro Ro 
The solution of these two equations yields 
Bio Since 
Cay, Ry + Ro eL 
(24) 
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Equations 24 give the voltage reflection coefficient Ke and current 


the 
reflection coefficient Ks both at/load resistance Re In other words 
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For the case in which Re = Ry? Kos, = Key = 0 and there is no reflection 
That is, all of the energy that reaches the load is dissipated in the load. 


When the line is shorted at the load Ry = 0, K or, = -1 and Ke = +1. When 


the line is open at the load R= ro JP K on = +i and Ky, = ie 
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Fig. 7 “Taek UM aaDy 
i Psd wn’ i | 
») The source is . a ET IE: SAR: . “IR SE AIR RR OT SRP 8 BE 
| ay | 
a 10 volt ie * 
battery, Saar aes WE Ae 
R, = 50 ehns (bs 4. Ato § 
R = 50 ehms 
Given a loss-less line, characteristic resistance RB = 50 ohms, 600 meters 
long illustrated by Fig. 6. The velocity of propagation is 300 meters per micro 
second or 3 X 10° meters pex second. 
Example 1. The source C. is a 16 volt battery, the vesistance R. = 50 ohms 
and Ry = 50 ohms. Figure 7 illustrates the way in which the voltage propagates 
down the line. When the switch s is closed the resistance to the incident wave 
is 50 ohms, this is true regardless of the resistance of the load. Hence the 
line voltage is 5 volts. At the end of 1 wsecond the voltage has propagated 
)) half way down the line. At the end of 2 uwseconds the entire line is raised to a 


5 volt potential. The potential stays at 5 volts as long as the switch remains 
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closed. The current becomes 5/50 = .1 ampere and propagates along with the 
voltage. 


See page 13 for Fig. 8 


Example 2. Suppose all conditions are same as in example 1 except Ry = 150 ohms. 
For this condition the voltage reflection coefficient Kon = ess = +.5 and the 
current reflection coefficient Ken = -,5. Hence the incident voltage and 
reflected voltage at the load add up to 7.5 volts. Then at the end of 2 wseconds 
+2.5 volts propagates toward the source. Since the source resistance R, = Ro 
there is no further reflections when the 2.5 volts reaches the source and the line 
remains at 7.5 volts as long as the switch is closed. The current will reach a 


steady value of fe3 =.05 amperes, See Fig. 8. 


See page 13 fer Fig. 9 
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(a) At end of 1 usec. 
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(b) At end of 2 ywsec. 
(c) At end of 3 usec. 
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| “Fig. 9-6, = 10V, R, = 0, R, = 150 ohms, for example 3 


Kies =h=ioarel K, = +0.5 
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Example 5. Suppose the conditions are the same as in example 2 except ae =0, In 
this case the voltage reflection coefficient at the source becomes -1.0. The load 
reflection coefficient remains at +0.5. Now events are pictured in Fig. 9. Graph 
(b) shows the first reflection of + .5 x 10 = 5 volts travelling toward the source. 

At the source -5 volts are reflected and travel toward the load, Graph (d) shows 
the second reflection of -2.5 volts travelling toward the source where +2.5 volis 
are reflected. The third reflection results in + 1,25 volts travelling toward the 
load. Thus the reflections are dying out and the steady state voltage of the entire 


line becomes 19 volts. 


Example 4. Suppose the conditions are the same as in example 1 except the 10 volt 

battery (step voltage) is replaced by a 20 volt pulse of 1 ysec, duration, fince 

Ry S R, this pulse which will reach the load in 2 pseconds, will be dissipated 

entirely in the load resistor, no reflection, 
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(a) At Source (b) At Load 


Fig. 10 For each reflection the incident and reflected voltages 
d i he 7 . K =K ,=+.5 
add to give the total voltage as shown Bee Eon 
for example 5 
Example 5. Suppose the conditions are the same as example 4 except the load 
resistance is 150 ohms and the source resistance is also 150 ohms. The voltage 
reflection coefficients at the load and at the source are both equal to 0.5, A 
1 psec pulse of 5 volts [= 50 x 20/(150 + 50) } travels toward the load and reaches 
the load in 2 pseconds, It is reflected at the load as a +2.5 volt pulse which 
travels toward and reaches the source end in another 2 wseconds, It is reflected 


at the source as 1.25 volts travels toward the load and reaches the load in an 
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15 
additional 2 usec and so on. Figure 10 represents the total voltage at the source 
and load for the first several microseconds. 

| Example 6. Lumped element tranemission lines are often . ised in radar equipment, 

_ to provide high voltage pulses of short duration for modulation. Figure 11 


shows a lumped constant line that is initially charged to 5 KY. Let us determine 
‘the load voltage when the switch is closed. - 


C amybe = ae »= Ph - gv. 


are yoreg isles 


7 aE 
Fig. li 


To determine the initial lead voltage at t # OF we consider the line to 
exhibit at the load terminals a thevinin source of 5 KV in series with a 508 
resistance. Hence the initial load voltage is 2.5 KV... The line voltage has 
thus: dropped by 2.5 KV at the iead end. This disturbance then propagates down 
the Eine toward the open end digcharging Line capac tatice by 2.5 KV as it moves. 
Upon reflection from the oven end (KX = +1) the ~225 KV atep proceeds back toward 
the iscad dropping the Line voltage to zere as it goegs. Since the line is T 
= 2 yigec Jong the resultant load voltage is shown in Figs 12. 
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Suppose the system shown in Fig. 13 has Keactied @ steady state condition 
wnen at t = 0 the avitch is opened. Let us determing bie load veltage @, 28 4 
function of time. 
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applied. Since Ry = 502 this current divides equally. at the input resulting in 
i 308 ~& After. t seconds this Rae reaches | the 1602 load where it sees 
oS ~3° A reflected current step of ee DB BO a then proceeds toward the gsenera=- 


"end where it is absorbed 7+ " seconds later. The resultant load eurrent and 
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S. Lines with other than resistive loads 

Under transfent excitation lines terminated in inductance or capacitance 
will have reflection coefficiente that vary with time. {Note that impedance is 
® Steady state sinusoidal ccacept and has no application here.) For example, 
to a voltage step, an inductor looks initially like an open circuit while as 
t-—-me it becomes a short. Hence the voltages and currents on neneresistively 
terminated lines will vary not only due to time delays introduced by the line but 
also due to the finite time required to. establish a current in an inducter or 
@ voltage across a capacitor. akan: 

Consider the cireuit of Fig. 17. Let us determine the load reflection 
coefficient, load voltege and input voltage for this circuit after the switch 


is closed. - 


Fig. 17 


to find the reflection ecoefficlent we becchad ae in the- reaLstive case by 
expressing. the load voltage and current as constrained by the line equations. 
At 2.2 0, 
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Figure 18 shows Eq. 14 as well as the load and input voltages as a function of 


time, 
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Problems 


a) Determine and plot the voltmeter teading v(t) for the period t = 0 
to 10 usec. 
b) What is the final voltage across R? 


2) 
ae 
150.52 ere ‘ 
ye 
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Zw are rove | Use — ae 30s 
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a) Determine and plot the input voltage py (0) and the input current 
Ly (®? for the period t = 0 to 10 ysec if + = 1 usec. 

b) Repeat (a) for the load voltage e, (t) and the load current 4, (t). 

c) Repeat parts (a) and (b) for t = 6 usec. 

d) Determine and plot the voltage and current at the midpoint of the 
line for 0 £ t £ 10 usec for + = 1 usec. 
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Determine and plot e (t) for the period 0 £ t = 10 usec for x = lysec. 
1 


4) Find the voltage as a function of time across the 508 resistor in Example 
7, Fig. 13. 


9) Assume in Example 7, Fig. 13 that the switch is open and the line initially 
uncharged, Find and plot V, (et) for 77.0. 


6) A common dielectric for insulating coaxial lines in polyethylene with €. 
@ « 2,25, Show that v = 200 m/psec. 


7) Explain how on oscilloscope, a pulse generator and a precision variable resistor 


may be used to determine the characteristic resistance of a lossless line. 


$} A typical coaxial line is designated as RG=-8A/U. For this line R 


of 502 


and v = 200 m/ysec. Find the per meter values of L and C. 


9) Show in Example 6, Fig. 11 that indeed the delay time t #WLC where L and 
C are the values of the lumped constants. Determine the values of L and C 
for this example. 


19) Suppose Fig. 11, Example6 ts modified as shown 
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1 in Section 5 Fis. 17 if Ry = 502 ? Boa = 1008 and V = 30 volts. 
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‘Find and plot the reflection eptfictant, load voltage and arp ue voltage 
88 & function he time for the line shown below. 
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eel Determine and plot e mt) at the input of an open circuit 100 foot 
_ length of RG-8A/U coax if pte 1000 2, Find the value of an equivalent 
capacitor with which the line could be replaced to give IEE Ae 8 the 
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